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generalized geometry (plane, radial, or spherical). Medium heterogeneity along the flow direction is
conceptualized as a monotonic power-law permeability variation. The resulting nonlinear differential
problem admits a similarity solution in dimensionless form which provides the velocity of the pres-
sure front and describes the pressure field within the domain as a function of geometry, fluid flow
behavior index, injection rate, and exponent of the permeability variation. The problem has a closed-
form solution for an instantaneous injection, generalizing earlier results for constant permeability. A
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Injection parameter-dependent upper bound to the permeability increase in the flow direction needs to be imposed
Similarity solution for the expression of the front velocity to retain its physical meaning. An example application to the radial
Variable permeability injection of a remediation agent in a subsurface environment demonstrates the impact of permeability

spatial variations and of their interplay with uncertainties in flow behavior index on model predictions.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction and specific flux at the Darcy scale. For power-law fluids, this
) . ) ) ) macroscopic motion equation is particularly simple, and reduces

The mechanics of non-Newtonian fluid flow in porous media to a nonlinear modification of Darcy’s law, often derived using
has attracted substantial attention in the past and present, as many a capillary representation of the porous medium (Cristopher and
fluids injected in natural or man-made porous formations exhibit Middleman, 1965: Teeuw and Hesselink, 1980: Pascal and Pascal,
a complex rheological nature (Savins, 1969; Barenblatt et al., 1990; 1985; Pearson and Tardy, 2002). Coupling the motion equation

Shenoy, 1995; Chhabra et al., 2001; Sochi, 2010). The range of  \ith mass balance yields a transient nonlinear advection—diffusion

applications spans EXtr actior_l of crude 0_“5' }mdefgf ound 0.“ Qis— equation, whose solution gives the pressure in the domain of inter-
placement, well drilling, aquifer contamination, soil remediation.  est. A particular subclass of analytical solutions to these nonlinear
The specific nature of the fluid involved governs the choice of a con- problems is derivable upon adopting a self-similar transforma-

stitutive equation describing the relationship between stress and  jon (Barenblatt, 1996), which yields elegant closed-form results
strain; often the fluid rheological behavior is properly described {6y infinite porous domains subject to different initial and bound-
by a Cross or Carreau-Yasuda model with multiple parameters, ary conditions. For free-surface, gravity-driven flow in porous
but can be approximated in a certain range of shear rates by  medija, examples of this approach are Pascal and Pascal (1993),
the simpler two-parameter Ostwald-DeWaele model. At the other Bataller (2008), Di Federico et al., 2012a,b. For confined flow,
end of the spectrum, flow in porous mgdla of VIS.CoelaSt‘C 11qu.1ds Pascal (1991a,b) studied the pressure perturbations generated in
or suspensions of long molecular particles entails the adoption 5 jpfinite homogeneous porous domain by an instantaneous mass
of more complex models such as Rivlin-Ericksen second grade injection in plane or axisymmetric geometry. Their solution was

(Jordan and Puri, 2003) or dipolar fluids (Puri and Jordan, 2006, |ater extended to spherical geometry by Di Federico and Ciriello
and references therein). Adoption of arheological model at the fluid (2012), while performing a sensitivity analysis on the results.

mechanics scale results in arelationship between pressure gradient The objective of this study is to extend the solution developed
by Di Federico and Ciriello (2012) in two respects: (i) allowing for
a time variable fluid injection as opposed to an instantaneous one,
the former being more suitable in many instances to represent e.g.
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d=2

Fig. 1. Domain schematic for plane (d=1), cylindrical (d=2), and spherical (d=3)
geometry.

distance from the injection point; such an assumption may rep-
resent flow in a domain in which previous injection or pumping
has gradually modified the permeability field around the release
point in a systematic way. The insight gained may be employed in
numerical models of non-Newtonian fluid flow at different scales.

The exposition is organized as follows. The mathematical prob-
lem is formulated in Section 2 for a generalized geometry, and
solved in Section 3 in self-similar form. Section 4 discusses the
limits existing on problem parameters by virtue of formulated
assumptions, and their relationship. An application involving the
migration of a remediation agent in a subsurface domain is pre-
sented in Section 5. Concluding remarks are formulated in Section 6.

2. Problem formulation

A non-Newtonian fluid is injected into an infinite porous
domain, initially saturated by another ambient fluid. The propaga-
tion of pressure within the domain is taken to be a one-dimensional
transient process in plane (d=1), cylindrical (d=2) and spherical
(d=3) geometry (Fig. 1). The mass of intruding fluid, injected in the
domain origin starting at time t=0, increases with time as mgt¢,
with mg (dimensions [MT ~%]) and « being constants; a=0 cor-
responds to the instantaneous release of a given mass, =1 to a
constant flux. The domain is described geometrically by its thick-
ness h for d=1, 2, and by the surface of the injection zone, equal
to 8h2 for d=1 (8 being the aspect ratio of the rectangular injection
area), 2mhry, for d=2, and 471, for d =3, with ry, being the radius
of the injecting well for d=2, 3.

The permeability of the porous domain varies in the direction
of propagation according to

k(x):ko(ri*)ﬁ, (1)

ko being the reference permeability at the length scale r* and  areal
number (Mathunjwa and Hogg, 2007); for 8 =0 the porous domain
has homogeneous permeability kg, while for >0 and <0 the per-
meability respectively increases or decreases with distance from
the injection point. A permeability decreasing with distance from
the injection well was considered by Altunkaynak and Sen (2011),
while for viscous gravity currents in channels of given shape,
the channel width was allowed to vary with distance from the
source according to a relation akin to (1), to represent widening or
narrowing channels (Takagi and Huppert, 2008). The injected fluid
is described by the rheological power-law model, given for simple

shear flow by 7 = /1)'/|j/|"7], in which 7 is the shear stress, j the
shear rate, i the fluid consistency index and n the flow behav-
ior index (a positive real number); n<1 represents shear thinning,
n>1 shear thickening behavior. The equation of motion for the
fluid is a nonlinear modification of Darcy’s law, verified experimen-
tally by Cristopher and Middleman (1965) and Yilmaz et al. (2009).
Flow and continuity equation read respectively (gravity effects are
neglected in spherical geometry):

1/n
v (M%) )
Hef OF
10 41 ap
A1 gr (r U) = —CO¢§7 (3)

where r is the spatial coordinate, t the time, v the Darcy velocity, p
the pressure, ¢g=¢¢+¢p the total compressibility coefficient, ¢; the
fluid compressibility coefficient, ¢, the porous medium compress-
ibility coefficient, ¢ the porosity, k the permeability coefficient, and
Ier the effective viscosity, given by (Shenoy, 1995)

e )”(ﬂk)(’””/z (4)
Mer  20Ce \3n+1 3¢ ’

where C;=C¢(n) denotes a tortuosity factor for which different
expressions are available; in the following, the expression pro-

posed by Pascal and Pascal (1985), i.e. C; = (25/12)("“)/2, will be
adopted.
Substituting Eq. (2) in Eq. (3) one obtains:

1/n
1 0 [ 44( 0p B Ief \ /1 Op
P <r <_8r) ) ‘_C°¢(T) o ()

with initial condition (pg is the ambient pressure)

p(rvt=0)=p07 (6)

while conservation of mass m(t) released into the domain requires

n(t)

m(t) = mot* = wh*4pp - co [ (p—po)-ri-tdr, (7)

0

where p is fluid density. In Eq. (7), the factor w takes the values §
for plane, 27 for radial, and 47 for spherical geometry (d=1, 2, 3
respectively) and ry(t) denotes the advancing compression front.
Under the validity of (3), i.e. moderately compressible fluids (for
large compressibility coefficients, additional terms arise, see Pascal
and Pascal, 1990), it has been demonstrated earlier for a variety
of boundary conditions and a homogeneous domain (Pascal and
Pascal, 1985; Di Federico and Ciriello, 2012; Ciriello and Di Federico,
2012) that for shear thinning fluids, the front has finite velocity
u(t) = ¢dry/dt, while for Newtonian and shear thickening fluids, no
pressure front exists, and ry(t)— oo for any t. Hence for n<1 the
appropriate boundary conditions are

p(rn(t), t) = po, (8)
b
(a’r’) (r=r(0) =0, (9)
=0. 10
rN(%mensionless variables are then defined as follows: (10)
(R,H,RN, T, P, Py, V, U, Mp)
r h ry t p po vt* ut* mot*®
= TR o) T Tt Ty T Ty T ) (11)
[ S S p* p* r* r* pr*:‘)
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Fig.2. Shape factor ¥ as a function of dimensionless rescaled similarity variable ¢ for cylindrical geometry (d = 2); results are shown for n=0.25, 0.50, 0.75 (upper, intermediate,

and lower row) and & =0, 1 (left and right column), with 8=-0.25, 0, 0.25.

where r* is the length scale earlier defined, p *=1/cy the pressure
scale, and t* the timescale; the latter is given by

= (’a]/nr*(n+1)/n/p*l/nkgﬂ‘ﬂ)/z”)_ (12)

With the help of Eq. (4) and the tortuosity expression, this recasts
Egs. (2) with (1) and (5), respectively, in the following dimension-
less forms:

1/n

_ P ppinyon (9P

V=R ~R , (13)
1/n

1 0 F oP oP
- 1 —— - _A—
Rd-1 0R <R ( 8R) ) ABT’ (14)
where

8(1+n)/2 n n ¢(n+1)/2n

Xn=" (3n+l> - A= S m (15a,)

Fi=d-1+8(n+1)/2n. (16)

Eqs (6) and (8)-(10) expressing initial and boundary conditions
are formally unchanged, except that dimensionless quantities (in
capital letters) replace dimensional ones. The condition given by
Eq. (7) becomes instead

Rn(T)
AoT? = My

P —Py)-RI-1dR, —2 .
(P—Po) pRTERPS

AO = (17a,b)

0

3. Solution to the problem

A self-similar transformation is adopted to solve the mathemat-
ical problem; first, the scalings P~ R(A-2)n+1)/[2(n—1)l Tn/(1-n) 3pd
PRY ~T“ are adopted, as suggested by (14) and (17a) respectively;
then eliminating P yields the scale of the pressure front as R~ T2,
while eliminating R gives P~ T, with
_ 2[a(1 —n)+n]

T 2[M4+d+(1—=dn]-(n+1)B’

_ a(2-B)n+1)-2dn
T 2[1+d+(1-dn]-(n+1)8°

F,

F3 (18)
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The similarity variable is defined as

AFaR

== (19)
2n
Fy = s 20
YT +d+(—dnl-(n+ 1B (20)
and the similarity solution takes the form
RN(T) = nnA~FaT 2, 21
P(R, T) = Po + A*4TP3f (1), (22)

where the constant ny(c, B, Ag) denotes the value of 7 at the pres-
sure front, and the prefactorsin (19) and (22) have been inserted to
render subsequent equations simpler. Thus (14) and (17a) become
respectively

d (e di\NY"N L adf d-1

dn(n <‘d77) = Fan L~ P, (23)
N

Ao = / n=1f dn, (24)
0

while the conditions at the pressure front (8) and (9) become

dpP

P(1n) = Po. (ﬁ) (1In) = 0. (252,b)

Rescaling n as ¢=n/ny and fin) as f(n) = ngs v(¢), where

2-p)n+1)
SR (= 26

the final expression for the pressure becomes
P(R, T) = Py + A%+ T S W (7). (27)

Substituting these expressions in the governing equations yields
the following ordinary nonlinear differential equation in the shape
function ¥(¢)

d dw\ /m Jdv 0
4 (gl (-4 ):F2§ 2 (28)

with boundary conditions

w(1)=0, (%)(1):0, (29a,b)

while the position of the moving pressure front is given by
2(1-n)
. 1 2[1+d+(1—-dnl-(n+1)8
= | 5 / ¢ (Q)dg - (30)
0
0

For an instantaneous injection (x=0), Egs. (28)-(30) are
amenable to the closed-form solution (note that F(e¢=0)=F4)

¥(¢)=B(1- ;(2fﬂ)(n+1)/2)1/(1—n)’

2(1—-n)

= [%] 21 +d+(1-dnl—(n+ 1B

(31a,b)
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Fig. 3. Prefactor ny as a function of « for cylindrical geometry (d=2) for n=0.25,
0.50, 0.75, Ag=1, 0.1, 0.01 (upper, intermediate, and lower panel), with 8=-0.25,
0, 0.25.

[ 20 -mEp VO
o= (o piin) .
E_ 2
T 2[1+d+(1-dn]l-(n+1)B
F( 2d >F 1
— 1-
. (2-B)(n+1) ( n) (33)

rl2+d+ —dn] - (n+1)p '
(2-B)n+1)1-n)



V. Ciriello et al. / Mechanics Research Communications 52 (2013) 101-107 105

o, =2/(3(2-p))

accelerating

CE

OC 1 :% 1
! I
1 4
1 |
=) >
g
p |
/5
A n=1/2
e S d=
T
2 4 6

Fig.4. Constraints placed on problem parameters by model assumptions forn=0.50,
d=1.

in which I" (-) is the gamma function. For 8=0, (31a,b)-(33) reduce
to expression reported in Di Federico and Ciriello (2012).

The integration of (28) is performed numerically using Wolfram
Mathematica® 7. The resulting shape factors ¥ (¢) are depicted
in Fig. 2a-f as a function of the dimensionless rescaled similarity
variable for cylindrical geometry (d=2); in each figure, results are
shown for f=-0.25, 0, 0.25 over all the possible combinations of
n=0.25,0.50,0.75and «¢ =0, 1.

It is interesting to observe that the shape factor decreases sig-
nificantly for increasing n, while it increases with o for a given
fluid as the fluid volume released into the domain increases. In the
domain origin, the shape factors show a finite slope for constant
volume release (o =0), while for « # 0 may or may not exhibit a
singularity, depending on the interplay amongst parameters d, «, 3,
and n. Performing the integration also for plane (d=1) and spher-
ical geometry (d=3) (results not shown for the sake of brevity)
yields for the constant volume release an inverse proportionality
among shape factors and the geometry factor d. For the constant
flux release, shape factors are smaller near the origin ({=0) and
larger toward the pressure front (¢ =1) as d increases. The impact
of flow behavior index and varying permeability is qualitatively the
same for different geometries.

With the same values of rheological index n and permeability
variation factor g, and a choice of A¢=0.01, 0.1, 1.0, Fig. 3 illus-
trates the prefactor ny as a function of « for radial geometry. The
behavior of ny shows throughout lower values for very shear thin-
ning fluids. The dependence of ny on the value of flow behavior
index n is quite significant especially if compared with the modest
influence of B in the range examined. Further, as Aq (representing
the strength of the injection) increases by an order of magnitude,
the prefactor ny shows a less than proportional increase. Investiga-
tion of the behavior of ny for d=1, 3 (not shown), returns a modest
increase with respect to the geometry factor. Numerical results for
o =0 perfectly reproduce analytical formulae (31a,b) (comparison
not shown).

Once 7y is determined via (30), the pressure field is fully known
through (27). The velocity for n <ny is then given by

(4d)fs—n _ Bn+1) Fa—F 1/n
MR%T¥< dlI/> (34)

V=¢A ~ar
4. Limits of validity

It is noted that for the expression of the distance of propaga-
tion of the pressure front Ry(T) to increase with time, it must be

T T T T T T T T T T T T T T T T

30 ¢ ]
(@) ¢ ‘

25 ¢
20

15 |

ry(m)

10 F

ry(m)

ry(m)

¢ (min)

Fig. 5. Position of pressure front ry versus time t for d=2, h=0.33m,
a=1, mp=0.5kg/s, jt =3.7Pas", p=1000kg/m3, ¢=0.49, ko=1.1x10"m?,
cp=2x10"8Pa~!, B=-0.25, 0, 0.25, r*=1m, and (a) n=0.51; (b) n=0.57; and (c)
n=0.63.

F, >0, whence it follows that 8< 81 =2[1+d+(1-d)n]/(n+1)>2,
which is a positive quantity; this entails an upper limit to the
increase of the permeability in the flow direction for the solution
to maintain its physical meaning, while no lower limit exists to
a permeability decrease. If this condition is respected, it follows
that the velocity of the front U (T) = ¢F,A-F4anyTF2-1 increases or
decreases with time depending whether 0 <« <o, or o> o, with
ac=[2(1+d-nd)—(n+1)B]/[2(n+1)].

Conversely, for given «, the front accelerates or decelerates for
B<Bcor Bc< <P, with Bc=[2(1+d —nd) - (n+1)a]/(n+1). Upon
examining (27), it is seen that at a given point in space the pressure
increases, remains constant, or decreases with time depending on
whether F3 >0, F3 =0, or F3 <0. Given the previous limit < 1, the
pressure decreases with time for 0 <o <1 =2dn/[(2 — B)(n+1)], or,
conversely, 85 =2 —2dn/[a(n+1)] < < B1. When these inequalities
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Fig. 6. As Fig. 5 but pressure increment p — po versus distance r forn=0.57,t=5",15",30" and (a) $=-0.25; (b) =0; and (c) 8=0.25.

are reversed, the pressure increases with time. Fig. 4 depicts the
constraint B4, the limit for an accelerating front o, and the con-
dition for pressure increasing with time o, for the selected case
d=1,n=0.5.In the hatched domain, the pressure front decelerates,
and in the cross-hatched domain also the pressure decreases over
time. The picture is qualitatively similar for fluids with different
rheological index, with the value of 8; increasing for decreasing
n; the limit values are 81(n—1,d=1)=2 and B1(n— 0, d=1)=4.
In the latter case o7 =0 and the domain pressure always increases
with time. Analogous results are obtained for different geometries
(d=2, 3, not shown).

5. An illustrative example

In this section we illustrate a practical application of our results
to injection of a non-Newtonian fluid into a subsurface environ-
ment. The geometrical setup and the fluid and domain parameters
are derived from Comba et al. (2011), who analyzed the rheologi-
cal properties of nanoscale iron slurries, which constitute a valuable
agent to remediate contaminated aquifers when stabilized through
dispersion in xanthan solutions; this produces a fluid with shear
thinning characteristics, whose measured apparent viscosity as a
function of shear rate and for different values of iron concentration
is best described by the four parameter Cross model in the range of
shear rates 7 = 1072 t0 10° s 1.

In the present application, we deduce the two rheological
parameters describing a power-law fluid from their measurements
for an iron concentration of 30g/l at intermediate shear rates;
the fit is excellent in the range 7 =10"'to10%s~! and yields
n=0.57 and i = 3.7 Pa s". The suspension density is assumed to be
©=1000 kg/m3. We further consider that a fluid with these charac-
teristics is injected radially (d = 2) with a constant (o =1) mass flow
rate mg =0.5kg/s (corresponding to the injection flow rate consid-
ered in Comba et al. (2011), i.e. 301/min) into a domain of height
h=0.33 m filled with silica sand, having porosity and reference per-
meability respectively equal to ¢ = 0.49, kg = 1.1 x 1079 m?; the total
compressibility is practically coincident with that of the sand and is
taken to be ¢y = cp =2 x 10~8 Pa~1. The problem length scale is fixed
tor*=1m; the value of r* isimmaterial for a homogeneous medium,
but governs the spatial rate of change of the permeability for a het-
erogeneous one according to (1). Fig. 5b illustrates the position of
the pressure front as a function of time for the above parameters
and B=-0.25 (permeability decreasing with distance from injec-
tion point), =0 (homogeneous medium), 8=0.25 (permeability
increasing with distance). Fig. 5a and ¢ do the same assuming a 10%
error occurred in determining the flow behavior index (i.e. having
n=0.51 and n=0.63 respectively), all other parameters remaining
equal. Itis seen that in a time frame of approximately 30’, the pres-
sure front reaches distances in the range 18-30 m. Cases with 8 # 0

(=30
r=5m E
E k=1.1x10° m’
5
X
N E
> F
= ——= n=046
Q, F— 057

[-—-— 0.68

-0.2 -0.1 0.0 0.1 0.2

p

Fig. 7. As Fig. 5 but pressure increment p—po versus B for r=5m, t=30’,
n=057+0.11.

bring about a variation in the volume of the domain affected by the
injection when compared with the constant permeability case; the
variation is of order 20%, positive for 8>0 and negative for §<0.
An increase in the value of the flow behavior index n implies an
increase in the radius of the domain affected; the effects of positive
B and larger n are compounded.

Fig. 6a—c shows the pressure behavior versus distance from the
injection well for the base value of the flow behavior index n=0.57
and B8=-0.25, 0, 0.25 respectively, at different times t=5, 15/, 30’;
the upper panel in each figure depicts the corresponding spatial
variation of the permeability. The Figures illustrate the pressure
buildup over time with respect to the initial ambient value pg;
this effect is more marked for 8 <0 as the pressure increases more
rapidly in the portion of porous domain affected by the injection,
given the larger resistance to motion progressively encountered by
the fluid; the reverse is true for 8> 0. The behavior of the pressure
variation p — pg over time for values of n smaller or larger than 0.57
demonstrates that a non-monotonic dependence of the pressure
from the flow behavior index may exist, but this effect is relatively
minor compared to that of the permeability variation. The phe-
nomenon is illustrated in Fig. 7, depicting the pressure variation
as a function of g at a radial distance r=5m and time t=30" for
n=0.57£0.11; it is seen that a 20% increase in n produces a mod-
est decrease in pressure when g is larger than a threshold value
Br=-0.1; the reverse is true when g < B;. When different values of
rand t are considered, the threshold value changes or does not exist
at all.

6. Conclusions

A novel self-similar solution was presented to analyze pres-
sure dynamics induced in an infinite porous medium of generalized
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geometry by a continuous mass injection of a power-law shear thin-
ning fluid. The permeability variation along the flow direction was
conceptualized as a monotonic power-law variation with distance.
Results obtained via a self-similar transformation in dimension-
less form generalize earlier findings for an instantaneous injection
in a porous medium of uniform permeability, under constraints
imposed on model parameters. The existence of a pressure front
traveling with a finite velocity is confirmed. The front position
and the pressure increment induced in the domain by the injec-
tion are functions of geometry, type and intensity of injection, fluid
and domain properties. Results may be used as a benchmark for
complex numerical models of non-Newtonian fluid flow. An exam-
ple application to the injection of a remediation agent into the
subsurface demonstrates the importance of an accurate determi-
nation of the flow behavior index to predict the size of the domain
affected by the injection, while the pressure is affected modestly by
possible uncertainties in the determination of rheological param-
eters. Deterministic spatial variations of permeability significantly
affect model predictions; their effects interact with variability of
the flow behavior index. The high sensitivity of shear thinning flu-
ids to permeability variations was already noted by Sullivan et al.
(2006), who conducted pore scale simulations of power-law fluid
flow through porous media using lattice Boltzmann techniques.
An investigation of the effect of permeability heterogeneity on
non-Newtonian flow in a stochastic framework, either with finite
(Dagan, 1989) or long-range correlations (Di Federico and Zhang,
1999), constitutes a challenging topic for future research.
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