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3 izontal permeability variation

4 e Self-similar solutions are derived as functions of model parame
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delle Scienze, 181/A, 43124 Parma, Italy

Abstract

We present an investigation on the combined.effect of fluid rheology and
permeability variations on the propagation of'porous gravity currents in ax-
isymmetric geometry. The fluid is taken t0"be of power-law type with be-
haviour index n and the permeability. to depend from the distance from the
source as a power-law functiongef exponent 5. The model represents the
injection of a current of non-Newtonian fluid along a vertical bore hole in
porous media with space,dependent properties. The injection is either in-
stantaneous (o = 0) or eontinugus (« > 0). A self-similar solution describing
the rate of propagation and the profile of the current is derived under the
assumption of small aspect'ratio between the current average thickness and
length. The limitatiens on model parameters imposed by the model assump-
tions are dis€ussed in”depth, considering currents of increasing/decreasing
velocity, thicknéss, and aspect ratio, and the sensitivity of the radius, thick-
ness, andiaspectsratio to model parameters. Several critical values of a and
discriminating between opposite tendencies are thus determined. Experimen-
talyvalidation is performed using shear-thinning suspensions and Newtonian
mixtures in different regimes. A box filled with ballotini of different diam-
eter is used to reproduce the current, with observations from the side and
bottom. Most experimental results for the radius and profile of the current
agree well with the self-similar solution except at the beginning of the process,
due to the limitations of the 2-D assumption and to boundary effects near
the injection zone. The results for this specific case corroborate a general
model for currents with constant or time-varying volume of power-law fluids
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propagating in porous domains of plane or radial geometry, with uniform
or varying permeability, and the possible effect of channelization. All results
obtained in the present and previous papers for the key parameters governing
the dynamics of power-law gravity currents are summarized and compared
to infer the combinations of parameters leading to the fastest/lowest rate of
propagation, and of variation of thickness and aspect ratio.

Keywords: gravity current, self similar, non-Newtonian, experiment, review

1. Introduction

The propagation of gravity-driven flows in porous/mediais but a chapter
of the fascinating 'book’ on gravity currents (her@inafter/GCs), which has
received considerable attention [1], with new ’ehapters’ being continuously
added. Yet also porous GCs by themselves, originating from such diverse ap-
plications (carbon dioxide sequestration, mining.engineering, environmental
pollution and remediation, seawater intrusionto name but a few) constitute
such a wide topic that a comprehensive summary is arduous. In the authors’
view, the recent advancements on gravity-driven porous flow belong to two
broad categories.

The first group of contributions has as a common feature the modelling
of the spatial variations of/properties and/or of boundary conditions in nat-
ural (geologic) media, and the description of their topographical features.
Examples of such comtributions are Huppert et al. [2], Sahu and Flynn [3],
and Ngo et al. [4], wheresheterogeneity is modelled via discrete layers or
intrusions of finite ‘extent; Islam et al. [5], who introduce explicitly small-
scale heterogeéneity; Yu et al. [6], who account simultaneously for drainage
from a permeable substrate and an edge; and Huber et al. [7], who aim at
reproducing/theseffect of diverse CO, injection strategies.

The second broad group of GC-themed contributions presents an im-
proved description of fundamental mechanisms via a more sophisticated mod-
élling. .Some relevant examples are the effects of a change in flux (Ball et al.
[8]) or of stratification in an intruding current (Pegler et al. [9]); the in-
vestigation of the CO, sequestration mechanisms into deep saline aquifers,
involving two-phase flow (Guo et al. [10]) or with possible background hy-
drological flow (Unwin et al. [11]); the interactions between gravity currents
and convective dissolution (Elenius et al., [12]), or geomechanics (Bjornara
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et al. [13]); the adoption of realistic rheological models in the study of non-
Newtonian GCs (Di Federico et al. [14]).

Some recent contributions belong to both categories, and are associated,
for example, with the modelling of CO4 sequestration [4] or the simultanegus
presence of non-Newtonian flow and spatial heterogeneity or specific.topo=
graphical features. The latter topic has been investigated in depth in several
papers, considering deterministic heterogeneity and radial [15] or plane geom-
etry [16], and channelized flow [15]. The motivation for these studies lies in a
multiplicity of applications involving complex fluids flowing in geologie media
characterized by spatial heterogeneity at various scales: foil andydisplacing
suspensions in reservoir flow, remediation carriers and=liquid contaminants
in the subsurface environments, drilling and grouting fluids; earlier works
[15, 16] list specific references to these applications.

Studies of flows of non-Newtonian GCs rely'en a body of knowledge ac-
cumulated for Newtonian currents: the reference,works of Huppert & Woods
[17] for plane geometry, and by Lyle et al.\[18]*for axisymmetric geometry,
were extended to power-law fluid flow by, Di Federico et al. [19, 20], which,
in turn, set the stage for the more compléx setups cited earlier. Variations
of properties along vertical and horizental direction were considered in the
context of Newtonian GCs by Zheng et al. [21, 22]. While vertical variations
mimic the effect of stratification, horizontal variations may represent e.g. the
effect induced by the drilling of a well, and thus are of interest especially in
the context of axisymmietric propagation. A review of existing studies on
non-Newtonian porous GCs.reveals the lack of a study coupling power-law
rheology and permeabilitysgradients along the flow direction in axisymmetric
flow. Such a studyis presented here in Sections 2-5 considering the usual
hypothesis of a GC of time-variable inflow.

The exposition is organized as follows. The mathematical problem is
formulatedn section 2 for a radial injection, and solved in section 3 in self-
similar formgeneralizing the results of Di Federico et al. [20]. Section 4
diseusses the dependency of key time exponents governing the propagation
of thepcurrent on problem parameters, along with the limitations imposed
bysmodelling assumptions. Experimental results are presented in Section
Hypfirst, the experimental set-up is described, with special attention on the
difficulties implied by simulating heterogeneity; then results from a series of
tests are compared with the theory in constant- and variable-flux regime.

The theory and experiments presented complete a first picture on porous
gravity currents of power-law fluid flowing in different geometries (plane and

4
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axisymmetric) in domains exhibiting permeability variations in different di-
rections (vertical and horizontal), taking into account the influence of the
channel cross section for plane flow. A general overview and comparison of
these self-similar solutions seems timely, and is presented in Section 6. Con-
cluding remarks are formulated in Section 7 together with perspectives for
future work.

2. Problem formulation

Consider a non-Newtonian power-law fluid of density pj consistency index
m, and flow behavior index n, that spreads axisymmetrigally over a horizontal
bed into a porous medium of height hg, initially saturated*with a lighter fluid
of density p — Ap (see Figure 1). Under the sharp interface and thin current
approximations, and in the absence of capillaryteffects: (see the recent paper
by Chiapponi [23] for an indication of the fluid retention in a glass beads
porous medium), the pressure within the ‘eutrentris hydrostatic, and given
by p(r,z,t) = p1 + Ap gh(r,t) — pgz,ewheres and z represent radial and
vertical coordinates, p; = po + (p — Ap)gho 1% a constant, py is the constant
pressure at z = hg, and g is gravity.WUnder the additional assumption that
the current thickness is small €ompared to that of the ambient fluid, the
velocity of the latter and the vertical velocity in the intruding fluid can
be neglected, allowing tofdeseribe the current behaviour by means of its
horizontal velocity u(r,#), thickness h(r,t) and maximum extension rx(t) for
given time t. The expression 6f the horizontal velocity can be deduced from
the following general equation, valid for the motion of a power-law fluid in a
porous medium {24}

fhe -
Vi pg = =L u (1

in which'p 4s the pressure, u is the Darcy velocity field, g is the gravity
vector, k the/permeability, and p.r; is the effective viscosity (dimensions
[MLT"T" ?]). The mobility =+ is given by [20]

ko1 1 ( np \"[50k\"V? )
Heff n 2Ctm n+1 3(]5 ’
where ¢ is the porosity and C; = Cy(n) the tortuosity factor. The modi-

fied Darcy’s law (1) is based on a capillary bundle model first proposed by
Bird et al. [25] and later modified to include tortuosity, for which different
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formulations are available (e.g. Shenoy, 1995 [26]); in the following, the for-
mulation by Pascal, 1983 [27], C, = (25/12)"+1/2is adopted. Macroscopic
laws having the same structure of Eq.(1) were obtained via direct simulation
at the pore scale by e.g. Balhoff and Thompson [28] and Vakilha and Manzari
[29]. Experimental verification was provided, among others, by Cristopher
and Middleman [24] and Yilmaz et al. [30]. Additional references onthe use
of Eq. (1) are reported in [20]. The model is unable to handle viscoelastic
effects and thixotropy, and needs to be modified to include yield stress or
Newtonian behaviour at low shear rates.

Local mass conservation implies that

L2 (ruh) = 6, ®)

and, in addition, two boundary conditions are needed to formulate the prob-
lem. The first b.c. is the global mass conservatien éondition

rn(t)
27r(b/0 rh(r tyde.="Qt°, (4)

expressing the total volume of the current as a function of time ¢ and param-
eters @ (dimensions [L3T~%]) andwa:*This formulation includes the instanta-
neous injection with constamtsyolume (o = 0), and the continuous injection
with increasing volume (@ > 0).

The second boundary,condition states that the thickness at the current
front is null, i.e.

h(ra(t),t) = 0. (5)

Further, the horizontal permeability variation needs to be described. The
following Jaw of variation is adopted for the medium permeability & [31, 22]

ko) =ho () ()

or*

*

wherek, is a characteristic permeability, r* is a length scale, o is a coeffi-
cient«introduced for convenience, and [ is a constant. The coefficient o is
necessary in order to recover the dependency of the permeability only on the
characteristics of the porous medium, and assumes different values for differ-
ent length scales r* in order to keep the denominator or* independent on the
fluid properties and on the injection power-law. For § < 0, the permeability
decreases or increases with the distance from the injection well, respectively;

6
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£ = 0 represents a medium with constant permeability kg, and the simpler
model of Di Federico et al. [20] is recovered. For § < 0, the behaviour of
(6) is singular for » — 0, but this does not affect the overall behaviour of
the current. Further, we require that 8 < 5y = 2(n + 3)/(n + 1); this upper
limitation to the increase of the permeability with distance from the origin
guarantees the validity of our solution from a theoretical point of &iew, as
demonstrated in Section 4.1. For a Newtonian fluid (n = 1), 5y =% (Ciziello
et al. [31] found 5y = 3 in plane geometry); for the two limit casésm < 1 and
n > 1 (very shear-thinning or shear-thickening fluids), Sy ~6.and*5, ~ 2
respectively. In a related study on Newtonian gravity curfents inyHele-Shaw
cells with a gap thickness varying in the flow direction, Zheng et al. [22]
showed that the upper limit for the validity of the lubrication approximation
is f < 3 in terms of the present paper. They then derivedsresults for 5=0.6,
1.5, and 2.4, a range of values including the actual g value simulated in our
experiments described in Section 5.

As far as field values are concerned, realistic éxponents for vertical power-
law variations of properties [32, 33] tend.to be much lower than the upper
limit value 8. More importantly, also horizontal variations of permeability
are often modelled with negative expenential or decreasing power-law func-
tions, to represent the steadily decreasing permeability, altered by the drilling
process, of the aquifer around a large diameter well [34, 35] or of the reservoir
surrounding a fracture [36]). ITn both cases, there is a simplification of the
actual behaviour, where probably a constant and lower value of permeability
is reached at a certain distance from the well or fracture.

Substituting Eq.(6)%n the one-dimensional version of Eq.(1), and ex-
pressing the pressure, gradient as a function of the unknown free surface as
Op/0r = Apg(Oh/Or) yields the following equation of motion

r )—5(;:” oh

E JE—

u(rfert) = = (A2p )" KV ( =

or*

where

1 50 (n+1)/2 n n ¢(n—1)/2
A—A(¢7m>n)—2—ct<§) <3n+1) — (8)

which for a Newtonian fluid (n = 1) is the inverse of dynamic viscosity u .
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axisymmetric gravity current intruding into a satu-
um of thickness hg. The bottom panel illustrates radially
, decreasing (8 < 0), and homogeneous (5 = 0) permeabil-

Figure 1: Ske



199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

The mathematical problem constituted by Equations (7) and (3) with
boundary conditions (4) and (5) may be rendered non-dimensional upon
defining time, space, and velocity scales as

1/(3-a) 1/n . (14n)/(2n)
po (9 g, = 48P 9) Ty (9)
Pv*3 ’ ’ GoPrD/Cn)

and dimensionless coordinates as T = t/t*, R = r/r*, Ry =\, and
H=h/r*.

Note that the time scale t* is defined for o # 3. The particular case
a = 3 requires a partially different non-dimensional formulation, which can
be easily derived following, e.g. [19, 37]. For all other ¢asesythe’dimensionless
problem reads

R

19
ROR

on
R

oH

ROHH ‘

obtained by combining the dimensionless versions of (7) and (3). In Eq. (10)

Bln + 1)
BN/ 11
< 2n (11)
is a factor which reduces to zéro in the homogeneous case.

The global mass balange (4) becomes
Ry
27T/ RHAR =T, (12)
0

while the condition at the front (5) becomes H(Ry) = 0 in dimensionless
form.

3. Solution

It is desirable to obtain a self-similar solution to the system formed by
Equations (10) and (12) with (5) to capture the long-term evolution of the
eurrent once the influence of initial and boundary conditions fades. As il-
lustrated in the Appendix, a first-kind similarity solution for the extension
and thickness of the current is derived in the form Ry (T) = nyT*? and
H(R,T) = nkrTF1(C), where the thickness factor ¥(¢) is the solution of the
non linear ordinary differential equation

9
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(¢¥gw ") + Bl = FoC =0, (13)

in which the prime indicates d /d(, and subject to the condition
¥(1) =0, (14)

while the similarity variable at the front of the current ny is given'by

1 —1/(F5+2)
I — (% / w@)dc) , (15)

and the factors Fy, F3 and Fj are given by (A.2),%A.3), and (A.7), re-
spectively. For a homogeneous medium (5 = 0), results*reduce to the sim-
pler case of Di Federico et al. [20], with Fio=20, Fy = (o + n)/(n + 3),
F3 =[a(n+1)—2n]/(n+3), and F; = n+ 1. Fora Newtonian fluid (n = 1),
one obtains Fy = 3, Fy = (a+1)/(4 — ), F3.= [a(2 — 3) — 2]/(4 — B), and
F5 =2 — 3. When both simplifications apply, the homogeneous Newtonian
case studied by Lyle et al. [18] is gecovered, and F} = 0, F; = (o + 1)/4,
F3;=(a—1)/2, and F5 = 2.

For the instantaneous injection“ease (o = 0), Equations (13) and (15)
subject to (14) and ¢'(0) =.0 (thevlatter condition derives from a no-flux
boundary condition for # = 0, wvalid for constant volume) are amenable to
the closed-form solutien

Fn
w0 =T cm), (16
5
B mFy, _ﬁ
= () ™ )

where Fyy = Fy(a = 0) = 2n/[2(n + 3) — B(n + 1)]. The constraint F5 > 0
(equivalent to f < 2) applies. When g = 0, Eq. (17) of Di Federico et al.
[20] isrecovered. When n = 1, (16) and (17) transform into

1
(4-06)(2-5)

o [M] 1/(4-8) |

™

¥(Q) = (1-¢7), (18)

10



240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

261

262

263

264

266

267

Finally when both n = 1 and 8 = 0, ¥(¢) = (1 —¢?)/8 and ny = 2/7'/*
[38].

For the continuous injection case (o # 0) equation (13) needs to be
integrated numerically with (14) and a second boundary condition is obtained
expanding the solution in power Frobenius series and balancing the lower
order terms for ¢ — 1. This yields

1/}/|CH1 = —aghe’™!, ag = F}, b=1, (20)

where € = 1—( is a small quantity and F5 is non-negative if 8 < 2(n+3)/(n+
1). Integrating (13) with (14) and (20) with a Runge-Kutta scheme yields
the thickness profile ¢/({) and the similarity variable #)y.-Sample results are
shown in Figures 2(a)-(f) for o = 0, 1, and selected, values'of n and §. The
analytical solution for & = 0 and the results obtained'by Lyle et al. [18] for
the Newtonian, homogeneous case are well repreduced. The thickness profile
¥(C) increases with the injected volume (@)+for.given fluid and medium (n
and (), is an increasing function of [, and ‘a decreasing function of n for
constant volume currents; the dependency“on n for constant flux currents
is more complex. The prefactor ny"(15), whose value influences the current
thickness via (A.8), is illustratedsin Figure 2(g) versus « for different n, 5. ny
increases with n and decreases with.aand 3, while its sensitivity is largest for
smaller o and n and larger’B.%These dependencies are reversed with respect
to the thickness profile,,so,that the dimensionless thickness results from the
interplay of ¢ and nyt

Other quantities,of interest are the aspect ratio of the current (the ratio
between its average thickness H and radius Ry) and the average free-surface

gradient driving the motion (%%). These are given respectively by
H _
I _ s, )
N

OH\  p ik-p AV _a2n—B(n+1)] —6n
(ﬁ)_”fv ! (dc)’F‘”’ b=y gy P

where ¢ and (%) are respectively the average value of the thickness profile

and of its derivative over the interval 0-1.

11
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gur (a)-(f Thlckness profile ¢(¢). Upper/intermediate/lower rows:
d1al increasing (S = 0.5)/uniform (8 = 0)/decreasing (6 = —0.5)
eability; left/rlght columns: constant volume (a0 = 0)/constant flux

= 1); dashed red/solid light blue/dot-dashed green lines: shear-thinning
( = 0. 5) /Newtonian (n = 1)/shear-thickening (n = 1.5) fluids. Pink ovals
in panels (c)-(d) are the results by Lyle et al. [18] for § = 0,n = 1 and
a = 0,1, respectively;(g) prefactor ny(«). Dashed/solid/dash-dotted lines:
n = 0.5/1/1.5; thick/intermediate/thin lines: 8 = 0.5/0/0.5. (Colour online)
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Furthermore, the velocity field u is given in dimensionless form U = u/v*
by

F571 F3—F2

U= —6RPym T % o0 |t i
- N

al o
while for the velocity of advancement of the front of the current, v = d 7y (%) /d'%,
the dimensionless expression V = v/v* is

(23)

B b1 B _2a—[6—5(n+1)]
V =gy FTH71 ) with Fy 1_(n+1)(2_5)+4. (24)

4. Discussion of results

4.1. Behaviour of key time exponents

The power-law time exponents Fy, Fy — 1,%5 and F3 — F, (equations
(A.2), (24), (A.3), and (22)), of the radius, velocity, thickness and aspect
ratio of the gravity current are the key factors to-understand the evolution of
the current over time. In the present se¢tion, we explore their dependency on
model parameters « (the time rate of change of the fluid volume), n (the flow
behaviour index), and § (the rate efichange of the permeability along the
direction of propagation) by evaluating their sign and their partial derivatives
with respect to model parameters. The results obtained for Fy (together with
Fy—1), F3, and F3 — F; are listed in Tables 1, 2, and 3, respectively. Various
limit values of o, and,dn Seme/instances, of other parameters, emerge; each
limit value is listed below the respective condition on Fy, F3, F3— F, or their
partial derivatives These threshold values of model parameters discriminate
between a positive, mull, or negative value of Fy, F3, F3 — F, and of their
partial derivative with respect to a, n, and f3.

Inspegtion of Table 1 reveals that for a physically meaningful solution, the
permeability must decrease over space, or increase not too sharply (8 < B.);
for a Newtonian fluid (n = 1), . = 4. The current front accelerates
(Bs»—1 >/0) for any o under a sharp increase in permeability (8 > f,),
or beyond a threshold value «, of « for permeability decreasing or increasing
moderately over space (8 < f3,); otherwise, the current is decelerated. For a
Newtonian fluid (n = 1), the threshold values reduce to 5, = 3, a, =3 — 3;
for a homogeneous medium (5 = 0) and any fluid, a,, = 3. Moreover, F;
increases with « for any combination of 3,n, as a larger fluid injection rate
implies an increase in the current velocity regardless of the permeability vari-
ation and fluid nature. Similarly, F5 increases with 3 for any combination of

13



Table 1: Dependence of the propagation rate F, on model parameters for
horizontally varying permeability. For each row, limits on model parameters
necessary to achieve the condition itemized in column 1 are listed in column
2; when appropriate, the value(s) of specific threshold parameters is/aré.also
listed in the same row. Row 1: Conditions for F5 > 0. Row 2: conditions for
decelerated/constant speed/accelerated currents. Row 3: condition for F5
increasing with a. Row 4: conditions for Fy decreasing/constant /increasing
with n. Row 5: conditions for F; increasing with .

Fy, >0 B<ﬁe
(1) n+3
b n+1
([ F,—1<0 B <8, N < o
FE—1=0 0K B N = ay
F,—1>0 (B<Baha>a,)V (6=0.Na>0)V
(2) (8> Ba AVa)
6
Ba 6 i 1
0ulB < B) #
" OF,
( %<0 B < Pen N> Qep,
on
@:0 B<ﬁen/\a:aen
on
(4) %w (B < Ben At < en) V (B > Ben AV0V)
Pen 2
6—p
L aen(6<ﬁen> m
(5){ %—%>O Ya,n

14



Table 2: Dependence of the thickness time exponent F3 on model param-
eters for horizontally varying permeability. For each row, limits on model
parameters necessary to achieve the condition itemized in columnsTyare
listed in column 2; when appropriate, the value(s) of specific thresheld' pa-
rameters is/are also listed in the same row. Row 1: conditions for thick-
ness decreasing/constant/increasing with time. Row 2: condition for Fj
decreasing/constant /increasing with a. Row 3: conditions~for{ F3 decreas-
ing/constant/increasing with n. Row 4: conditions for Fj decreasing with

3.

Fg:O B<,8t/\(l:@t
(1) F; >0 B<Bt/\a>at
Bt 2
4n
S CESVCRE
3 < >
2) 8_0450 b= B
ﬁta 2
(%<0 (B<BimNa<ay) V(B> PumAVa)
%:0 /B<Btn/\a:atn
on,
(3) %>0 ﬁ<ﬁtn/\a>atn
on
Btn 2
O‘tn(ﬁ<ﬁtn) %
(4){88—];3<0 Va,n

15



Table 3: Dependence of the aspect ratio time exponent F3— F5 on model pa-
rameters for horizontally varying permeability. For each row, limits on médel
parameters necessary to achieve the condition itemized in column 1 are listed
in column 2; when appropriate, the value(s) of specific threshold parameéters
is/are also listed in the same row. Row 1: conditions for aspect ratie,increas-
ing/constant /decreasing with time. Row 2: condition for F3 # Fy increasing
with . Row 3: conditions for F3 — F5 decreasing/constant/inereasing with
n. Row 4: conditions for F3 — Fy decreasing/constant /increasing with f.

((F3—F, <0
Fg—FQZO
F5—Fy, >0

By

ag(B < By)
O(F3 — )
(2) oo
By

O(F3 — Fy)

\ 7~

<
=0

\ 7~

<0

(B < Bg N < o) WP B, ANVa)
B <Ny A= ay
BBy o > oy
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a,n, as an increase/less marked decrease of the permeability favours the cur-
rent advancement. The functional dependency of F; on n is more complex, as
the velocity of the current increases with n for any o under a sharp increase in
permeability (8 > f,), or below a threshold value a, of a for permeability
decreasing or increasing moderately over space (8 < (). The current velocs
ity decreases with n when combining a large injection rate (o > ) with a
permeability decreasing or increasing moderately over space (8 < Sen)s For
a Newtonian fluid (n = 1), the threshold value of « reduces tofey =23.
Inspection of Table 2 shows that the thickness of the current increases
with time at a given point (F3 > 0) only when a large inje¢tion rate (o > )
is combined with permeability decreasing or increasing moderately over space
(8 < B); for decreasing permeability, the current encounters more resistance
as it advances, while for a moderately increasing permeability, the decrease
in medium resistance is more than compensatéd by the volume increase of
the current. In all other cases, the thickness decreases over time, and does so
for any o when the permeability increase isumarked. For a Newtonian fluid
(n = 1), the threshold value of o reducesto oy = 2/(2—f3); for a homogeneous
medium (§ = 0) and any fluid, oy = 2n/(n + 1). Furthermore, it is noted
that F3 decreases or increases with'andepending whether a threshold value
oy is exceeded or not, or, equivaléntly, depending whether the increase in the
volume of the current prevails oversthe permeability increase along the flow
direction. The functional/dependency of F3 on n is the opposite of Iy and
the same threshold valiies'due/to mass balance. Finally, Fj decreases with
f for any combination of a,n, as an increase/less marked decrease of the
permeability increases theradius of the current, thus implying a decrease in
thickness due tesmass balance. For the same reasons, the dependence of Fj
upon n is the'opposite of Fy, with the threshold value a4, being equal to ae,.
Inspegtion of, Table 3 indicates that the aspect ratio/average spatial gra-
dient of the cwtrent increases with time (F3 — F» > 0) only when a large
injection rate’(a > «,) is combined with permeability decreasing or increas-
ingsmoderately over space (8 < ,); this behaviour can be understood noting
that the average spatial gradient is proportional to the resistance encountered
byutheé current in its advancement. Otherwise, the aspect ratio decreases with
time, and the current grows progressively more elongated. For a Newtonian
fluid (n = 1), the threshold values reduce to a, = 2/(2 — ), f, = 1; for a
homogeneous medium (8 = 0) and any fluid, ay = 3. The dependence of
F3 — F5 on « is governed by a threshold value By,; for 8 > B4, F5 — F5 de-
creases with increasing «; the reverse is true for 8 < 34,. This is so because
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unless the permeability increase is marked, the aspect ratio of the current
increases with the injection rate. The threshold is 8 > B,, = 1 for a Newto-
nian fluid. The behaviour of F3 — F, as a function of n is analogous to F,
with the same threshold values. Finally, F3 — F5 decreases with § for any
combination of a,n, as a more permeable medium implies less resistauce to
the flow and a reduced average spatial gradient.

To visually illustrate the behaviour of the key exponent, Figures 3(a)-(f)
depict how F,, F3 and F3 — F5 depend on ( for fixed n = 0.5/and on n for
fixed f = —0.5; results for various values of «, including the,critical ones,
are shown. The two reference values (n = 0.5 and = —0:5) are selected for
illustrative purposes and represent common cases in natural porous media,
i.e. a shear-thinning fluid and a permeability decreasing"with distance from
the source.

A comparison of the threshold values of aand*f reveals that: i) for a
homogeneous medium (8 = 0), all thresheld values of « coalesce into 3,
except for ay; ii) for a Newtonian fluid (n.= 1)pthe threshold values of « are
p-dependent; iii) for Newtonian flow in‘ashomogeneous medium, oy, = 1. A
plot of the limit « is shown in Figure 4 forin = 0.5, 1, 1.5. The limiting value
of a increases with f3; the incréase.is more rapid for § > 0. The influence
of n on ay is mixed, in that this Iimit value increases with n for 5 < 0 and
decreases with n for 8 >70. For a homogeneous medium, the limit o, is
independent of the behaviour index n.

4.2. Limits of validity

Limitations-on the parameters emerge when considering the validity of
model assunmiptions. At any time, conditions for the radius of the current
to increagé with, time must hold (F; > 0), as noted in the previous sub-
section.. Furthetmore, for 7" > 1 the thin current approximation requires
the intruding’current to be thin compared to both its height (F3 — F; < 0)
and the characteristic height hg of the porous medium (F3 < 0). Otherwise,
at large times i) the current thickness would exceed a reasonable portion of
the.porous domain total height, rendering invalid the assumption of immo-
bile ambient fluid; ii) the aspect ratio of the current would increase without
bounds, contrary to the assumption of negligible vertical velocities. Combin-
ing these limitations, the parameters domain satisfying all model assumptions
asymptotically (the most restrictive condition) is obtained. An example is
illustrated in Figure 5, where the two limits 3, and 3, are depicted, the first
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Figure 3: (a xalue of the time exponents F,, F3 and F3 — F, for a

current wi th oc T2, height oc T3, mean free-surface gradient /aspect
F32F2 "and volume oc 7% in a porous medium with permeability
tally as 7. Results are shown for Fy, F3 and F3 — F5 in the

a function of n for f = —0.5 (left and right columns, respectively),
d for different values of . aep, = v = gy, = (6 — ) /(2 — )
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Figure 4: Limiting values of « to ensure an asymptotie decrease of the average
steepness of the current, o < oy and 8 < ;.

to ensure Iy > 0, the second to ensure F3 —wF5 < 0; in all cases of practical
interest (n < 3) the latter limitation i§'more stringent than the former. It
is seen that a too sharp increase in the permeability along the flow direction
renders the current steeper with timey the limit 8 value is 0.67 for n = 0.5
and 1 for n = 1.

4.3. Limitations of the model for in-situ applications

As to in-situ appligations, there is still room to improve the connection
between the presentanodel and the field conditions. The model is based on
a monotonic pernteability/variation from the well to infinity (porosity vari-
ations can be easilytadded), and is not presently able to handle composite
and more complex spatial variations. When the permeability variation is due
to fracturing /rearrangement of grains during drilling or due to sealing, or to
mud injection in' the medium, a cutoff is expected at a certain distance from
the well. In addition, in the latter cases the most relevant variations of per-
meability and porosity happen at a short distance from the well, where the
modelpitself is questionable due to several effects earlier highlighted. How-
evergin other cases the permeability reduction is more gradual, for example
when it is associated to clogging of pore space resulting from deposition of
fine material or escape of dissolved gases in water aquifers. Nevertheless
the results are promising and indicate that further steps and advancements
can be based on the present approach, which can function as a benchmark
solution for more complex situations; more on this in the Conclusions.
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Figure 5: Limiting values of § to ensure a positive time advancing of the
front of the current, § < B, = (n+3)/(n+ 1), and amasymptotic decreasing
average steepness of the current, 5 < 8, = 2nj (- 1).

5. Laboratory experiments

5.1. Experimental setup

A series of experiments were.condueted at the Hydraulic Laboratory of
the University of Parma, to test the validity of the theoretical solution.

A 90° sector glass tank™25,cm X 25 cm X 25 cm in size was filled with
transparent glass ballotiniwith nominal diameters of d = 1.0, 2.0, 3.0, 4.0 and
5.0 mm to reproduce a’porousymedium. The continuous horizontal gradient of
the permeability required by Eq. (6) was approximately reproduced by using
a plastic framework that allowed to create separate neighbouring sectors,
each filled with beads of uniform diameter and having uniform permeability
given by the Kozeny-Carman equation. The thickness of each sector was
determined according to the procedure outlined in Appendix B of [15], which
provides the, e¢onnection between the geometry of the stepwise distribution
of diameters and the the theoretical parameters ky and 5 of the continuous
distribution (6).

The plastic framework shown in Figure 6 consists of thin plastic sheets
(0.5 mm) curved in order to reproduce four quarters of cylinder with radius
equal to 3.2 cm, 6 cm, 9 cm and 12.2 ¢m, with two radial diaphragms (plane
plastic sheets). After filling the sectors with the beads, the framework is
gently removed by lifting it. Figure 7 shows the radial distribution of the
diameters and the permeability for § = 1.65. The diameters adopted for the
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Figure 6: Plastic frame used tofillsthe tank with ballotini of different diam-
eter in the radial direction and with, axisymmetric configuration.

beads are in the upper range for natural porous media; this choice mainly
reflects commercialravailability and ease of sieving. Nevertheless the solution
is applicable to péreus media with grains of any size as long as the underlying
assumptions are respeeted. The horizontality of the bottom of the tank was
checked bysamelectronic level. The intruding current was a shear-thinning
fluid, made of softened water (water without cations like Ca** and Mg*™),
glycerine and Xanthan Gum, mixed in two different proportions: (i) 40%
(vol) of water, 60% (vol) of glycerine and 0.10% (weight) of Xanthan Gum,
(i1) 95%=(vol) of water, 5% (vol) of glycerine and 0.15% (weight) of Xanthan
Gum. Ink was added to the final mixture for an easy visualization and
detection of the interface. We used a commercial Xanthan Gum for food use
from a local supplier, and glycerine was added to increase the consistency
index without adding too much Xanthan Gum. The mixing was performed
in a low speed stirrer, by adding small quantities of Xanthan Gum to pure
water and then adding glycerine. After mixing, lumps were removed with a
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Figure 7: Radial distribution of the diameter, ofsthe ballotini (continuous
thick curve) and of the permeability (dashed=thick curve) for § = 1.65 and
ko = 1.986 x 1078 m?2. The curves are the intexpolation of the step functions
representing diameter and permeability(thin-curves), since the diameter of
the ballotini is constant within each wertical sector.

small colander and the mixture was,left at rest for several hours. The overall
result is that mixtures with the same ingredients, but prepared in different
days, show different rheological parameters. The rheological parameters (flow
behaviour index n and €onsistency index m) were measured by a strain-
controlled rheometer (Dynamic Shear Rheometer, Anton Paar Physica MCR
101), with parallel ‘plates roughened by sandpaper P-60 glued onto both
smooth surfaces. /The distance between the plates was 1 mm and the testing
temperature of‘the rheometer was T' = 25°C, equal to the one measured in
the laboratory during the experiments, with expected fluctuations of +1°C.
The range ofishear rate during measurements was chosen in order to overlap
thesrange of shear rate expected during flow in the porous medium, following
the criterion reported in [39]. According to this criterion, the effective shear
rate should be evaluated at the pore scale, by using, e.g., the expression given

by, Savins (1969) [40]
uv2 x 104
kod

with u the Darcian velocity and ¢ = 2.1 — 2.4 a coefficient related to tortu-

= (25)
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Figure 8: Stress-strain (triangles) and apparentwiscosity (stars) measure-
ments a) for the fluid used in Exp. A4, and _b)wfor the fluid used in Exp.
B2-B4. The dashed lines are the 95% confidence limits of the interpolating
power—law functions 7 = 0.824%43 and 7 =10.62 %57, respectively. One point
in three is shown for an easy visualization.

osity. The result is a low effective shear rate in most part of the body of the
current (see Longo et al.,2013y[39], Figure 5, for an estimation of the shear
rate in experiments similarto the present experiments). Indeed in some part
of the current, like the imjection area, the shear rate is much larger than in
the body of the current, However, it has been experimentally demonstrated
that the evolution of.a viscous-buoyancy gravity current is not influenced by
the local distirbances near the inlet section, see, e.g., Lyle et al., 2005 [18].
Figure 8 shows'the stress-strain measurements for two fluids adopted in the
experiments, with the interpolating power—law function. We bear in mind
that the power-law approximation hides a much more complex rheological
behaviour of the mixture, see, e.g., [41, 42|, which is also influenced by ions
and chemicals. Hence, the power-law is adopted as a pragmatic working tool
for_asimple and synthetic description of the local rheology of the fluid.

The intruding fluid was injected with a syringe pump into the tank through
a quarter-cylinder volume similar to a well having radius of 0.8 cm, obtained
with a brass net, which was located in one corner of the tank. This configu-
ration reproduces an axisymmetric spreading due to the symmetry along the
the vertical axis and with negligible influence of the wall boundary layers.
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Figure 9: Typical images of the side- (a) and bottom-view/(b) for one of the
experiments. The radial increment of the diameter of the ballotini can be
observed in both images.

The syringe pump was controlled by afi=analog electric signal to generate a
constant (o = 1) or waxing (o = 1.5,2.0)/influx rate. During the injection,
the lateral current profile was recorded by a high-resolution video-camera
(Canon Legria HF 20, 1920x 1080+pixels) working at 25 frames per second,
while the bottom view was reflected by a mirror and captured by a photo-
camera shooting every 2 séconds. The videos and images were post-processed
using a software to tramsforin the pixel positions into metric coordinates. A
grid stuck on the wallland on the bottom of the tank was used to reconstruct
the correspondenge between image and physical plane surfaces, with the use
of interpolating=polymomials functions. The position of the front of the cur-
rent was detected by selecting the nose on the image and then converting
the pixels‘coordinates into metric coordinates, with an overall accuracy of
+1 mm.

Figure 9 shows two typical images of the side- and bottom-view during
onerofithe/experiments.

2. _Fxperimental results and discussion

A total of 10 experiments were performed, with the experimental param-
eters summarized in Table 4. The horizontal permeability is controlled by
the value of 3, which was kept constant for all data sets, while the injec-
tion rate («), the fluid rheology (m and n), and the fluid density (p) varied
among the tests. Figure 10 depicts the non dimensional front position Ry of
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the current for the various tests, compared with the theoretical prediction.
For most tests, with the exception of Al and A4, experimental results in-
dicate a front position below the theoretical counterpart before reaching it
asymptotically in all cases. The good agreement between theoretical and.€x-
perimental data over time (asymptotically within 5%) is due to the balance
of buoyancy and viscous forces, while the disturbing effects due to imjection,
with significant vertical velocity, influence the position of the front only at
the beginning of motion. The comparison between tests A4 and B3y which
only differ in the type of fluid (having respectively n ~ 0.43 and n"= 0.57),
leads to the conclusion that the more shear-thinning fluid (A4) best fits the
theoretical model, and this result holds true since the beginning of the test.
Furthermore, shear-thinning fluids advance slower with.decreasing values of
n, as shown upon comparing tests A5 and B4 for a'>2.

The results of tests A2 and A3, characterizediby different values of @, i.e.
2.4 and 4.0 cm®s7!, clearly show the same behavieur, demonstrating that,
all other parameters being equal, () is not reléevant in the evaluation of the
dimensionless front position Ry. Indeed, a little variation of density, e.g.
between tests B2 and B5, proves that thefluid density p significantly affects
the dimensionless position of the front. The comparison between the actual
position of the front end among different experiments is best performed in
dimensional form, as the time and velocity scales are function of experimental
parameters, which differ among the tests conducted.

Figure 11ab shows the shape of the current at different times for two ex-
periments with constant.and waxing influx rate, respectively. The agreement
between experiments andsmodel is fairly good, in particular at late times.
Near the origin-the experimental shape of the current is below the theoreti-
cal profile, even though this effect does not affect significantly the front end
position and the,shape of the main body.

6. Overview on non-Newtonian gravity currents in porous media

The present section is devoted to an overview of self-similar solutions gov-
erning the propagation of non-Newtonian currents of variable volume with
power-law rheology in porous media. The overview is performed by compar-
ing the key parameters governing the propagation, i.e. Fy, F3 and F3 — I,
equal to the time exponents of the extension, thickness, and slope of the
current (derivation of the exponent of the velocity of the front end of the
current, I, — 1, is trivial) for a variety of combinations of geometries and
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Exp.

Al
A2
A3
A4
Ab
Bl
B2
B3
B4
B5

Q

(cm3s7%)

1.20
2.40
4.00
0.64
0.029
2.40
3.08
0.64
0.030
4.01

1.01
1.02
1.00
1.53
2.05
1.01
1.01
1.53
2.03
1.00

(Pa s™)

0.80 £ 0.02
0.78 £0.02
0.82 £ 0.02
1.02 £0.02
1.21 £0.02
0.62 £ 0:01
0:62
0.62
0.64.+ 0.01

0.45 £,0.02
0.48' % 0.02
043002
0.23£0.01
0.80-+£ 0.03
0.57 £ 0.02
0.57
0.57
0.56 £ 0.02

P

(g cm7)

1.176
1.176
1.176
1.176
1.086
1.086
1.086
1.086
1.088

0.071 £0.004 1.00£0.04 1.220 £0.001 1.65

1.65
1.65
1.65
1.65
1.65
1.65
1.65
1.65
1.65

Table 4: Experimental parameéters. () is a coefficient of the time varying
volume Qt®, « is the time exponent (o = 1 means constant influx rate), m
and n are the consistencyvand the fluid behaviour index, respectively, p is the
mass density of the fluid and f is a parameter controlling the radial variation
of the permeability. The uncertainty listed for some of the values refers to
one standardsdeviation.
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he experiments, the solid lines the theoretical data. The parame-

experiments are listed in Table 4.

Figure 10
represen
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Plane unbounded Plane channelized Plane, vertical heterogeneity Plane, horizontal heterogeneity
[19] [43] [16] [16]

5 a+n ak+n(k+1) af(n+1)(w—1)+2]+2n 2(a+n)

2 n+2 n+1+k(n+2) 2n+2)+ (n+1)(w—1) 2(n+2)—B(n+1)
F an+1)—n kla(n+1) —n) 2o(n +1) —n] an+1)(2—-78) —2n
8 n+2 n+1+k(n+2) 2n+2)+(n+1)(w-1) 2(n+2)—B(n+1)
R n(a —2) nlak — (25 +1)] a2n— (n+1)(w—1)] —4n af2n — B(n+1)] —4n
po n+2 n+1+k(n+2) 2n+2)+(n+1)(w+1) 2(n+2) — B(n+1)

Table 5: Formulation of parameters F,, F3 and F3 — F; in plane‘geometry for
the following cases: i) plane unbounded; ii) channelized plane flow 6fparam-
eter k, the width b of the cross-section is related to its height by b o< y*,
k < 1/ =/ > 1 corresponds to narrow/triangular/widercross-gections, with
k — oo indicating the unbounded case; iii) vertical heterogeneity with per-
meability varying along y as k oc y*~!, w = 1 corresponds to the homoge-
neous case; iv) horizontal heterogeneity with permeability varying along x as
k o< 2°, 3 = 0 corresponds to the homogeneoustcases

laws of variation of properties. For ghe case covered in the present paper (ra-
dial propagation in an horizontally heterogeneous media) Fy,F3 and Fy — F;
are reported in Equations (A.2);(Au3), and (22), respectively. Results for
other geometries and/or laws of variation were derived in previous papers
[19, 20, 15, 43, 16], always with the parameter o equal to the time exponent
of the volume of the current. Table 5 covers results for plane geometry: the
base unbounded case|19] isscompared to the channelized case of parameter
k [43], to vertical heterogéneity of parameter w [16], and to horizontal het-
erogeneity of parameter 5 [16]; see the Table caption for additional details.
Table 6 lists results for radial geometry: the base case [20] is compared to
vertical héterogeneity of parameter w [15], and to horizontal heterogeneity of
parameter' (the present paper); again see caption for details.

Figure 12 depicts the behaviour of each key parameter for the homoge-
néous ease as a function of geometry, n, and «. For all cases analysed, the
radial geometry implies lower values of all key parameters, with the excep-
tion”of a continuous injection of very shear-thinning fluids in narrow cross
seetions. For an instantaneous fluid release (a= 0), an increase of the rhe-
ological parameter n in radial geometry leads to F3 values lower than other
geometries, due to mass balance considerations. Among the plane cases, F5
tends to decrease as the shape factor x increases, tending to the unbounded
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Figure 1 eters F, (upper row), Fy (intermediate row) and F3 — Fy

& function of n, for instantaneous (o = 0, left column) and
njection (o = 1, right column), with homogeneous permeability

] 0), for radial, plane, and plane channelized geometry of various
arameters k.
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Radial Radial, vertical heterogeneity Radial, horizontal heterogeneity

20] (15] [bp]
7 a+n af(n+1)(w—1)+2]+2n 2(a+n)
2 n+3 2n+3)+2(n+1)(w—1) 2(n+3)—p(n+1)
7 an+1)—2n an+1)—2n an+1)(2—-0)—4n
3 n+3 2(n+3) +2(n+ 1)(w—1) 2(n+3)— Bn+1)
P F n(a —3) al2n— (n+1)(w—1)] — 6n a2n — B(n+1)] —6n
B n+3 2n—+3)+2(n+ )(w—1) 2(n+3) — Aln + 1)

Table 6: Formulation of parameters Fy, F5 and F3— F5 in radialgeometry for
the following cases: i) pure radial; ii) vertical heterogeneity with permeability
varying along y as k o< y*~!, w = 1 corresponds to the/iomogeneous case; iii)
horizontal heterogeneity with permeability varying.along ras k oc r?, 3 =0
corresponds to the homogeneous case. pp indicates the present paper.

case (kK — 00), as the volume of the current remains constant and the front
of fluid is forced to move further for lower £=In constant-flux regime (a= 1),
radial geometry and n > 0.5, F, béhaves as in the constant-volume regime,
while for plane geometries it shews an‘epposite behaviour, i.e. Fj increases
with higher values of k. In constant-volume regime (a= 0), the parameter F3
is negative for all the analysed geometries. In general, this exponent tends
to decrease when moving,to plane unbounded geometry. In constant flux
regime, F3 is negative only for radial geometry and dilatant fluids (n > 1),
whilst in plane geometries #3 tends to increase with the shape factor , as
does F5.

For all geometries,»the parameter F3 — Fy is always negative for o« < 1,
because of the higher limit of validity for shear thinning fluids. The parameter
reaches lower values in constant-volume regime (o= 0), and is larger for plane
than for radial’ geometry. The influence of x on results is more limited as &
increases. Figure 13 illustrates the trend of parameters Fy,F3 and F3 — Fy,
considering vertical permeability variations in plane and radial geometry.
The homogeneous case with w= 1 [15, 16], is depicted in Figure 12. In both
plane and radial geometry, for an instantaneous fluid release (o= 0) and w <
1, F5 is higher than the homogeneous case depicted in Figure 12, whilst it is
lower if w > 1. This trend changes for a constant-flux regime (o= 1). For
w < 1, and plane geometry, Iy is lower than the homogeneous case, and it
becomes higher if w > 1. In the radial case, for w < 1, F; is lower than
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intermediate row) and I3 — F5 (lower row) as a function of
1ty decreasing (w = 0.75, left column) and increasing along

n, fo
the % w = 1.25, right column), radlal/ plane geometry (orange/green
) mstantaneous (a = 0, solid line)/continuous (o = 1, dashed line)

Figure 13:
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the homogeneous case, but only for a shear thinning fluid (n < 1), while it
becomes higher for a dilatant fluid (n > 1). On the contrary, if w > 1, F;
shows an opposite behaviour.

Concerning the parameter F3, in constant-volume regime (o <= 0) and
both geometries, this parameter is lower than the homogeneous case for w <
1, while it becomes higher if w > 1. For continuous injection (o= 1), in
plane unbounded geometry, Fj is higher than the homogeneous case if.w <
1, and it reverses its behaviour with w > 1. In radial case, for'w <, F3 is
higher than homogeneous case, only for a shear thinning fluid«(n/<*¥), while
it becomes lower for a dilatant fluid (n >1). On the contrary, ifw > 1, Fj
has an opposite trend.

For an instantaneous release (o= 0), in both geometries, F3 — F5 is lower
than the homogeneous case for w < 1, while it reverses its'behaviour if w >
1. For continuous injection (o= 1), in plane unbounded geometry, F3 — Fy
is higher than the homogeneous case if w < 1, reversing for w > 1; in radial
geometry, instead, the behaviour is similar to F3==For both geometries, inde-
pendently on vertical permeability variations, the deviation between homo-
geneous (Figure 12) and heterogeneous yalues (Figure 13) tends to increase
if n increases for a= 0, and it decreases for constant injections only in plane
geometry. Figure 14 depicts the behaviour of parameters Fy,F3 and F3 — Fy,
considering horizontal permeabilitynvariations in plane and radial geometry;
the homogeneous case (8=0) isidepicted in Figure 12 [16]. In both geometries
and regimes, i.e. constant-yolume and constant-flux, for g < 0, F, is lower
than homogeneous casegwhile its behaviour is reversed if § > 0. For § <
0, the parameter #75 is higher than the homogeneous case for all geometries
and regimes, whilst it becomes lower if 5 > 0. Finally, F5 — F; follows the
same trend of F3: For both releases, geometries, and horizontal permeability
variationss the deviation between homogeneous and heterogeneous case tends
to increasefor higher n values.
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7. Conclusions

We have presented a novel model describing the propagation of axisym-
metric power-law GCs in porous media with an horizontal permeability vari-
ation. The problem is amenable to a self-similar solution of the first Kkind
yielding the position of the front end and the thickness of the cupfent as
functions of dimensionless parameters describing the volume of the GG («),
the fluid rheological behaviour (n), and the power-law permeability varia-
tion along the horizontal coordinate (f3); depending on the #alue.of B, the
permeability increases or decreases with the distance fromthe origin; in the
latter case, this conceptual simplification captures the essential behaviour of
the radial variation of permeability around a well, with thevadditional con-
venience of an easy-to-implement self-similar solutien, which can be used as
a benchmark for numerical modelling. The special case of constant volume
currents has a closed-form solution. The behaviour.of key time exponents
governing the rate of propagation, thickness=and aspect ratio of the current
was discussed in detail, yielding a number of threshold value of model param-
eters o and 8 which discriminate between oppesite trends in the behaviour of
the current over time and govern the,sensitivity to model parameters them-
selves. In turn, these parameters.allow to discriminate the conditions for the
validity of our solution at large times:.

A specific laboratory set=tp was devised to directly reproduce horizontal
permeability variations, overcoming the difficulties inherent in the horizontal
juxtaposition of layers'of glassbeads of different diameter. Theoretical results
were confirmed by 6uréxperiments, with a fairly good agreement except for
the early-time regime. Itis confirmed that also in presence of a deterministic
spatial variation of permeability, disturbances or anomalies near the injection
line and near the front of the current, do not affect the current evolution in
the intermmediate asymptotic regime. Also the discretization of the porous
medium to mimic a continuous variation of permeability and capillary effects
do_not significantly affect the behaviour of the GCs, at least for constant
influx rate condition (« = 1). More important disturbances are expected for
constant volume experiments (o« = 0) and, in general, for waning GCs.

In real applications, model parameters are obtained as follows: i) rhe-
ological fluid parameters n and m need to be determined experimentally,
bearing in mind that the power-law model is an approximation of the real
fluid behaviour; ii) the strength of the injection « depends on its type, which
is usually known, and is equal to 0 or 1 for instantaneous or continuous
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injection; iii) the parameter [ reflecting the intensity of the permeability
variation needs to be determined experimentally on the basis of available
measurements at different locations. Note that two measurements k; and ko
at two locations 7, and 75 allow the determination of 8 by means of Eq. (6).

The theory and experiments herein presented complete a first pictute on
porous gravity currents of power-law fluid flowing in plane and axisymmetric
geometry. The reference solutions are derived by Di Federico et ali, [19]
for plane and by Di Federico et al. [20] for radial flow. The influence of
channel shape on plane flow is covered in Longo et al. [43]. Hetérogeneous,
deterministic variations of properties are examined by Ciriello%et al. [16]
considering vertical and horizontal grading in 2-D flowsy and by Di Federico
et al. [15] considering vertical grading in radial flow; hérizontal grading is
covered in the present paper. An overview of the'key.time exponents for
these cases revealed the combination of geométries and model parameters
yielding the fastest/lowest currents, and those having the fastest decrease of
thickness and aspect ratio over time.

Our study has several connections tegeological flows and industrial flows,
including flows during fracking procedures; shale gas recovery, drilling wells,
and may be relevant for CO, sequestration, as solvents which proved effective
in COy capture exhibit shear-rate.dependent viscosities [44]. In all these
applications, fluids exhibiting non=Newtonian effects (often approximated
by power-law fluids) are used, almost always in heterogeneous porous media.
At the pore-scale, it isavorth noting that the effect of heterogeneity prevails
over the non linearity.dué to.rheology in shaping the flow pattern [45], with a
relatively minor influenee of the specific rheological equation [46]; it remains
an open question whether this is true at Darcy’s scale.

In sum, séveral avenues of investigation remain open in the area of non—
Newtonian GCs;.e.g.

e¢/inclusion of fluid drainage/injection at the bottom of the current, either
distributed or concentrated in single/multiple fissure(s);

e inclusion of stratification effects in the advancing current;

e consideration of more complex permeability variations, including cut-
offs and discontinuities in the medium properties (e.g. inclusions);

e adoption of more realistic rheological models to describe complex fluids,
such as Carreau or truncated power-law;
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e stochastic modelling of heterogeneity.

We are investigating these fascinating topics and hope to report on them
in the near future.
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Appendix A. Self-similar solution

Inspection of Eq. (10) yields the following time scalings for the length R
and thickness H of the current

R~T"™ H~ T (A1)

where 2 )
a—+n
F, = A2
7 2(n+3) — flaEL) (8.2)
Can+1)@2=08)= 4n
ST 2(n+3) = Bn+1)
This suggests the adoption of the similarity variable
= R/T™, (A.4)

which in turn leads to the expression of the position of the front and of the
thickness respectively as

(A.3)

Ry(T) = nnT", (A.5)
H(R,T)=T"f(n), (A.6)
where 7y is the 1 value at the front R = Ry (7). The function f(n) may be

recast as fi(n) na’(¢) via the introduction of the normalized similarity
variable € =) /ny, where

o (”“)QM (A7)
and 1(() is the thickness profile. Substituting f(n) in (A.6) gives
H(R,T) = nyT™¢(C), (A.8)

and adoption of the latter expression for the thickness transforms: i) Eq.
(10) into the ODE (13); ii) the condition (12) into (15); iii) the boundary
condition (5) into (14). These three equations are reported in the main body
of the manuscript.
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