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We investigate the influence of fluid rheology on flow in a finite rock fracture with
vertically varying aperture and subject to competing drainage mechanisms due to a
permeable substrate and a draining edge. The flow is due to the release of a finite
volume of fluid and the rheology of the fluid is either Newtonian, Ostwald-deWaele,
or Herschel-Bulkley. The Hele-Shaw analogy between lubrication and seepage flows
allows extending our results to a porous medium with permeability and porosity
varying in the vertical direction. The general solution is numerical, except for a
self-similar solution derived for Newtonian fluids in a constant aperture fracture and
another for Ostwald-deWaele fluids without substrate drainage. Results for the pro-
file of the current and the volume remaining within the fracture, and drained at
the substrate and edge, depend on a dimensionless parameter A incorporating fluid
rheology, fracture geometry, and ambient depth; drainage times exhibit order of mag-
nitude variations depending on A. A second dimensionless parameter, X', intervenes
for Herschel-Bulkley fluids, with A’ — oo for Ostwald-deWaele fluids. The theoretical
model is validated with a series of experiments conducted with a novel experimental
apparatus, accurately reproducing the condition of substrate drainage and allowing
the experimental determination of A and ). The agreement between theory and
experimental results for both configurations with constant and V-shaped aperture is
quite good, considering model approximations and experimental uncertainties. The
present analysis shows how domain anisotropy, though simply schematized, and fluid
rheology are relevant for the correct estimation of all integral variables, such as the

residual fluid volume in the fracture as a function of time.

Keywords: gravity currents, non-Newtonian, rock fracture, variable aperture, drainage,

experiments.

2)Email address for correspondence: luca.chiapponi@unipr.it



I. INTRODUCTION

A broad category of gravity-driven flows, whether in porous media and fractures or in
other environments, occur in the presence of two fluids of different densities, one intruding
into the other. The categories of environmental flows that can be classified as gravity-driven
flows are numerous and manifold, as reflected in the literature cited and commented on in
Simpson!, Huppert?, Ungarish?; these include, but are not limited to, CO, sequestration or
environmental remediation. For this reason, the search for conceptual models, corroborated
by experiments, has been particularly fruitful.

Gravity currents in porous and fractured media have been extensively studied, consid-
ering impermeable or permeable boundaries*®, and anisotropy in the horizontal or vertical
direction!®!'. Other than the drainage effect due to the substrate!'?!?, edge drainage effects
associated with the finiteness of the domain significantly influence the shape of the grav-
ity current, with implications for the specific problem at hand, as shown by Zheng et al.l*
for both a homogeneous porous medium and a porous medium with a vertical increase in
permeability and porosity. When both drainage mechanism are present, they compete!®.

The influence of the fluid rheology, typically considered to be Newtonian in earlier formu-
lations, was analysed considering both Ostwald-deWaele (OdW)!!:16:17 and Herschel-Bulkley
(HB) fluids'®; in some works, non-Newtonian behaviour was coupled with anisotropy!®.
Among all contributions, several include an experimental validation in addition to the the-

oretical model, of an analytical (often self-similar) and numerical nature.

In passing, we recall that the well-known Hele-Shaw (HS) analogy between fracture and

porous media flow was extended to OdW fluids in various geometries?’:2!,

A review of the possible implications of drainage, confinement, anisotropy, and flow con-
vergence in porous media can be found in Zheng & Stone??.

In the present work, we consider a specific domain geometry, a vertical fracture limited
below by a crack of lower permeability, and laterally by a single draining edge. Such a
geometry has already been studied by Yu et al.'® deriving a theoretical model for Newtonian
flow under conditions of constant volume or flow injection.

In a more generalized view, the phenomenon under investigation is framed in the studies
for CO, sequestration; these also consider the process of leakage resulting from fractures,

pre-existing or intervening, in the cap rock bordering the aquifer. In essence, the proposed



geometry refers to a plume of CO, under supercritical conditions (i) injected in the aquifer,
and (ii) propagating away from the injection well moving in contact with the cap rock, also
(iii) percolating through a lower permeability layer, (iv) and reaching a vertical fracture
of such permeability characteristics that it completely drains the fluid without allowing
further advancement of the front. To predict the short and long term fate of the fluid in
this configuration, it is essential to predict the behaviour of the current in the presence of
leaky boundaries.

This coupled drainage could also occur, for example, when a front initially advancing
over a permeable substrate reaches the vertical fracture; in such a case there is a competitive
mechanism whereby if the drainage at the bottom compensates for the incoming flow, the
current fails to reach the vertical fracture, which represents localized drainage, and the
problem is a moving boundary one, since the position of the current front is not known
a priori; or the front reaches the fracture and the problem is transformed into a fixed
geometry problem, with the length of the current geometrically known. A second important
distinction is between the release of a constant volume of fluid, and the injection of fluid with
constant or time-varying flow rate. In addition, it is possible to consider non-homogeneity
and anisotropy, coherently with the inherent heterogeneity and anisotropy of fractured rocks

at all scales??24,

Also for CO, studies, it is of interest to consider a non-Newtonian rheology of the
fluid, which adds a level of complexity and which in many cases renders the model more
adherent to physical reality: for example, surfactant based COy foams used in industrial

® as well as liquid adsorbents used for CO, capture®®, exhibit non-Newtonian

applications?
shear-thinning behaviour. The simplest model of shear-thinning behaviour is the Ostwald-
DeWaele (OdW), or power-law model, including two parameters; if yield stress is present,
the Herschel-Bulkley model (HB), having three parameters, is typically adopted.

Thus the present analysis refers to a gravity current of a OdW or HB fluid advancing
in a fracture with aperture, and hence permeability, increasing in the vertical direction
while remaining uniform in the horizontal direction. The Newtonian fluid and the uniform
aperture are special cases. Drainage occurs at the bottom and at one end of the domain.
We specifically analyse the constant volume condition that is progressively depleted by

drainage. Noteworthy, our results are novel also for a Newtonian fluid, as free-surface flow

in a variable aperture fracture of finite length was never studied in conjunction with both
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FIG. 1. Schematics of the problem with fluid drainage from a permeable bottom and a fixed edge.

a) Cross-section, and b) side view. The figure is not to scale as h(z,t) < (p.

edge and substrate drainage.

The paper is organized as follows. Section II illustrates the theoretical model for both rhe-
ologies adopted, section III describes the experimental layout and procedures, section IIT A
provides details and discussion on the experiments. Conclusions are drawn in section IV.
Appendix A provides details about the calibration procedure leading to the determination
of a dimensionless parameter quantifying the intensity of substrate drainage, and Appendix

B includes further details about the experiments.

II. THEORETICAL MODEL

A. Formulation for OdW fluid flowing in a fracture with vertically varying

aperture

Consider the transient motion of a gravity current in a vertical fracture, or HS cell,
initially saturated with an ambient fluid of height {, subject to both edge and substrate
drainage!®, see figure 1; the substrate drainage is due to a draining, underlying crack with
the same length L and an aperture b, much narrower than that by of the main fracture
(see figure 2), i.e. b, < by; the bottom crack is entirely saturated. The substrate drainage
is a gravity-driven vertical flow rate per unit length, i.e. dependent on the local height of

the overlying current; as the thickness of the substrate is much smaller than the gravity



current height (the ’shallow crack’ assumption, see?”), the flow in the permeable substrate
is not modelled in detail, as it would be with the ’deep crack’ assumption'®?®. While a
shallow, draining crack is adopted in the model and experiments, it should be noted that it
is equivalent to a thin porous medium (see for this case Pritchard et al.?®) as the Hele-Shaw
analogy is well-established for both Newtonian and non-Newtonian power-law fluids, see for
the latter case the works of Longo et al.® and Ciriello et al.?°.

The edge drainage modifies the profile of the current thereby affecting the substrate
drainage; thus the evolution of the gravity current is modulated by these two outflows. The
motion induced by the advancement of the intruding current in the ambient is neglected,
which is tantamount to say that the current height h(x,t) < (5. We consider a finite-volume
release problem, with a given volume of fluid initially at rest.

We further assume that the fracture, of finite length L, has an aperture symmetric with
respect to the z axis and increasing along the vertical direction according to the power
function b = by(z + 29)" (Figure 1), where byz{ is the width of the gap at the permeable
substrate and 0 < r < 1 controls the fracture rate of widening along the vertical; for r = 0,
b(z) = bo; for r = 1, the fracture is triangular; these are the two most relevant cases. The
aperture is invariant in the longitudinal direction x; further model refinements may include
variations along the direction of propagation.

The rheology of the current is modelled according to the OdW model, with 7 = po|y|" 17,
where 7 is the shear stress, pg is the fluid consistency, and n is the fluid behaviour index,
with n < 1 representing shear-thinning and n > 1 shear-thickening behaviour, respectively,
and n = 1 the Newtonian one; in the latter case, o becomes the dynamic viscosity. The
OdW model can be expressed in tensorial form for a generic three-dimensional flow, but we
limit our analysis to one-dimensional flows. In the geometry shown in figure 1, the model

reads

du
dy

where y is the cross-aperture direction and 7,, is the shear stress acting on surfaces normal

~1
" ou

o 1

Tyz = Mo

to y in the x—direction.

The fluid has a density p + Ap, where p is the ambient fluid density. We assume that
the interface between the ambient and the propagating current is sharp (without diffusion),
and that the ratio between the thickness of the current and its length is small. We also

neglect surface tension. In these conditions, a hydrostatic pressure distribution holds, with



p(xv Zat) = po + Apg[h(l‘, t) - Z] + pg(<0 - Z)? where Po = p(CO)
To derive the momentum balance equation for the geometry of Figure 1, we note that
inertial effects can be neglected for low Reynolds number flow, thus the balance is between

the relevant normal stress and the tangential stresses, leading to

+ 2 =0. (2)

At any height z along the fracture, it is verified that b(z) < L; this justifies the one-
dimensional approximation implicit in eq. (1) as 7., < T,,; furthermore, it entails that
the gravity current depth h has a negligible variation along the transversal direction y, i.e.
Oh/dy = 0.

Hence, eq. (2) reduces to

0Ty ~ Op
— =0 3
with a driving pressure gradient equal to
op oh
5 = DPag (4)

Inserting eq. (1) in eq. (3) yields upon integration with the no slip condition at the walls

y = £(by/2)(z + z)" and the null shear stress condition at y =0

(bO(Z + Zo)r) A _ |y|1+l/n] @

n
n—+1

@
ox

uw(z,y,z,t) = —

1/n-1 <Apg)1/n' 5

Ho

2 ox

The aperture-averaged fluid velocity is

1) = — = r - b
u(, z1) on + 1 { 5 (2 F 20) } o 92 \ 1o : (6)
and the spatially variable flow rate takes the form
h 2 1+1/n 1/n—1
. n b oh
Q(x,t) = /0 u(zx, z,t)bo(z + z0)'dz = — RS ES IR bo (E) o v

oh (Apg e r(2+1/n)+1 r(2+1/n)+1
5 (229) 7 [ntat) 420 el )

with a cross-sectional area equal to

Az, t) = Ti(_] : [(h(z,t) 4+ 20)" ' — 25'] . (8)
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FIG. 2. A narrow fracture (crack) of aperture b, draining the main upper fracture.

Under the previous assumptions, the local continuity equation reads

00 0A
o T =0 (9)

where () is the volumetric flow rate in the fracture, A is the cross-sectional area of the gravity
current and ¢, is the drained flow rate per unit length.

The latter quantity is evaluated as follows for a draining crack (the porous medium version
is easily developed with minor modifications). We start from eq. (6), insert the width of
the draining fracture b, in lieu of the width b of the HS cell, and assume that the pressure

gradient is proportional to (h(z,t) — z1)/s, obtaining

n bb 1+1/TL Apg l/TL h(ﬁl:,t) _ Zl l/n
_ by Mz t) =z 1
Ga(® 1) = by~ ( 2 ) 1o s ’ (10)

where s is the length of the draining fracture in the vertical direction, and z; is the fluid

level, or head, at its outflow in the longitudinal direction. Inserting eqs. (7-10) in eq. (9)

yields

2 1+1/n 1/n
bO 2 [(h"‘ z0>T+1] _ n bO @ Apg
r+10t (2n+1)[r(2n+1) + n] 2 Lo

9 [E)h Un=1 op,
ew +
ox

n bb 1+1/n Apg 1/n h— 2 1/n
by — . (11)
2n+1\ 2 Lo S

Initial and boundary conditions are as follows. We consider a rectangular profile that ini-

i ~((n r(2+1/n)+1 r(2+1/n)+1)
ox ox (( +20) 0

tially fills the domain, so the initial condition is of uniform height of the current, h(z,0) = hq,

while the upstream boundary condition at = L is of zero influx, equivalent to Oh/0z(L,t) =

8



0. We then assume a free fall in the origin x = 0, with a current depth equal to the critical
height h.. The latter concept, widely adopted in the one-dimensional theory of open-channel
flow (see, e.g., the classical book by Chow?’) stems from the fact that the variation of specific
energy (energy per unit weight) at a constant discharge shows a minimum at a depth called
critical height, at which the Froude number is unity. The expression implicitly defining A,
is then

9 v2 B a 0?2

where the mass balance equation @) = V' A was employed, h, Q(h), V(h), A(h) are the height,
discharge, average velocity, and cross-sectional area of the current, and o > 1 is the Coriolis

velocity-head coefficient, or kinetic power coefficient, defined as

A2 [ u(z,y, 2, t)3dA
([ ul(z,y,2,1) dA)

a(z,t) = (13)

The Coriolis coefficient given by (13) stems from the fact that the velocity head for a
current is greater than the value computed from the expression V2/2g, as the square of the

average velocity is less than the weighted average of the squares of local velocities.
Next, eq. (12) can be written as

Q*(r +1)°

acgbg(hc )T = 0. (14)

where the subscript ¢ indicates that the variable is computed referring to the critical height,

and a = «a(r, n, h, 29); solving eq. (14) yields h.. The boundary condition h(0,¢) = h,. at the

origin represents a refinement with respect to that h(0,¢) = 0 adopted in Yu et al.’.

1. Dimensionless form

Assuming the length scales L and hg (the initial current height defined above) for the

horizontal and vertical directions, respectively, and a time scale t* = hg/u*, eq. (11) becomes

9



bO P n2 bO 1+1/n Apg 1/n
hou*— [(H + Zo)™*'] — bo | —
P10t OT[( +20)™] (2n—|—1)[r(2n+1)—|—n]0<2 Lo
1/n+r(2+1/n)+1 1/n—1
X hU/ e 3 % / @ ((h+ Zo)r(2+1/n)+1 _ ZT(2+1/n)+1> +
LA/ Qx| |0z Oz 0
“an+1\2 Lo sl/n Voo

where the upper case denotes dimensionless counterparts of the lower case dimensional

quantities. Equating the coefficients of the first two terms in eq. (15), yields
bo o 7’L2

b 1+1/n A 1/n hl/n+r(2+1/n)+1
0 prt = by [ 2 P9 0 7
r+1 (2n+ 1)[r(2n+ 1) + n| 2 Lo Li+1/n

(16)

resulting in the following velocity scale

o — n*(r +1) Apg l/n bohy tr/n pl/n (17)
Cn+Dr@2n+1)+n] \ po 2L o

Balancing the coefficients of the first and of the last term in eq. (15) yields the parameter

24+1/n 1+1/n 1/n 2+1/n 1/n
\ = r@2n+1)+n [ b L ho o by LY (L (18)
n boh6 ho S bghg h() S

which controls the flow rate drained at the substrate; the larger is A, the larger is the

substrate drainage compared to the flow through the fracture.

Equation (11) can be written in dimensionless form as

0 d OH """ oH
~ (H 7 r+11 Y H 7 r(2+1/n)+1 | Y44 Uil
i 1/n—1
r(2+1/n)+li a_H a_H . 1/n _
Z 5X '8X X MNH - Zy)"" =0. (19)

Forr=0,n=1and Zy = Z; =0, eq. (19) reduces to

OH 0 OH

a—T—a—X(Ha—X)—i—)\H—O, (20)

which is identical to eq. (8a) in Yu et al.'® except that A takes a different expression here as
the upper medium is fractured rather than porous and the substrate drainage is associated

to a crack rather than a thin porous medium.
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The boundary and initial conditions become, in dimensionless form,

g—iu,ﬂ — 0, H(0,T) = H,, H(X,0) =1, X € [0, 1], (21)

where H. = h./hy.

Assuming H(0,7) = 0 rather than H(0,7) = H,., as typically h. < hg and therefore
H. < 1, the differential problem admits early-time and late-time similarity solutions for
n = 1 (Newtonian fluid) and » = 0 (uniform aperture)’. For most other conditions, a

numerical integration is required.

2. Drainage at the vertical edge only for a OdW fluid

Here we examine the case where the substrate drainage is zero, hence A = 0; we also

assume Zy = 0 for simplicity. Eq. (19) then becomes

OH"™! d (Hr‘(2+1/n)+l

_ 2 oH
oT  0X

0X

1/n—1 OH
— | =0. 22
) .
Looking for a self-similar solution (an intermediate asymptotic), we impose the following
boundary conditions:

OH

oy LT) =0, H(,T)=0, (23)

where, in the spirit of asymptotic self-similar solutions, the initial condition has been re-
moved. The boundary condition at the draining edge is also simplified to H(0,7) = 0
(without the need of the assumption H. < 1), based on the hypothesis that at late times,
when the current has forgotten the initial condition, the profile evolves to a zero height at
the edge.

The solution of eq. (22) can be expressed as f(X,T,H) = 0 and, for progress, we look
at a group of transformations for which the differential problem described by eq. (22) with
the b.c. (23) is invariant®’. If we assume that the structure of the group is H = yH',T =
BT, X = 6 X', substituting into eq. (22) and imposing invariance, yields

r+1 r(2+1/n)+14+1/n

XX . (24)

;] §1+1/n

Given that the problem has a geometry with a fixed longitudinal length scale L, with

0 < X < 1, it is convenient that the variable X is invariant in the transformation, i.e. that

11



= 1, reducing the transformation to a single parameter one. It follows that
Xr(lJrl/n)Jrl/n — ﬁfl v H = Bfn/[r(nJrl)Jrl]Hl’ T — Ble (25)

which suggests that the invariant group formed by H and T is

n

HT™, Fl=——. 26
o T s D)+ 1 (26)

Hence, the solution can be written as
fHTH X)=0— H~T " f(X). (27)

Eq. (27) is a generalization of egs. (2.3) and (2.10) in Zheng et al.'*, who studied New-
tonian flow in a fracture with uniform or linearly variable aperture along the vertical. Sub-

stituting eq. (27) into eq. (22) yields

fr+1 + (fr+1/F1f/ |f/|1/n71>/ —0, f/(1> =0, f(O) =0, (28)

and the dimensionless height of the current is H = [(r + 1)Fy]f)T~ " f(X). For r = 0 and
n =1, eq. (28) is equal to eq. (2.4a,b,c) in Zheng et al.'*. Similarly, for r =1 and n = 1 it
equals egs. (2.11a,b,c) in Zheng et al.'*, after rescaling the self-similar variable. Note that
in many lock release problems, it is convenient for comparison purposes to express variables
by introducing a time shift, see Ungarish?; therefore, H = K (T + C)~ 1 f(X), with C and
K positive constants.

Eq. (28) is a boundary value problem that can be integrated numerically with the shooting
technique. Figure 3 shows the function f(X) evaluated for varying n and r; it is seen that f
decreases, from the upstream fracture end at X = 1 to the downstream end at X = 0, and
is an increasing function of r, while the dependency on n, direct or inverse, is a function of
fracture shape, encapsulated in r. The influence of fluid rheology on f(X) turns out to be
stronger for constant than for widening aperture.

The time dependence of the residual volume of fluid V,., in the fracture can be inferred

without solving the differential problem, as

1 (r+1)F
F
V;es = / HT—HdX = [(T +T(r+11 / fT—HdX (29)
0
or (ri1)F .
[(r+ D)) 1
‘/res = Tr+)F ; f + dX, (30)
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FIG. 3. Self-similar solution f(X) for n =1,0.8,0.6 and for r = 0,0.5, 1. Drainage is edge only.
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FIG. 4. Exponent of the residual volume of fluid in the fracture versus fluid behaviour index for

uniform (r = 0) and upwards increasing aperture (r = 0.5,1). Drainage is edge only.

hence V,ps ~ T +DF1L
Figure 4 shows the value of this time exponent as a function of fluid behaviour index
n for constant (r = 0) and vertically widening aperture (r > 0). Emptying is faster for

Newtonian than for shear-thinning fluids, and for constant than for widening aperture.

3. Drainage at the substrate only for a OdW fluid: the flow during

calibration

The parameter A could be estimated theoretically on the basis of geometrical and fluid
properties. However, it is more accurate to estimate it experimentally under a well-defined

flow condition. For its estimation, we proceeded to preliminary tests in which filtration

13



occurs only at the substrate, starting from a uniform initial level in the fracture. In Ap-
pendix A, we consider purely vertical flow from the main fracture into the underlying crack;
applying the continuity equation to the flow of a OdW fluid in a constant aperture fracture
with » = 0, we arrive at eq. (A4) written in dimensional form. By the inverse function rule,

eq. (A4) easily transforms into:

A {h ! (Z_Z) (%> S} ) (31)

- I

dh 1/n
Ho
where Ko = (by/2)" ™ [n/(2n + 1)|™ and K, = (b,/2)""'[n/(2n + 1)]™ are the intrinsic per-
meabilities of the main fracture and of the draining crack, respectively.

Integrating eq. (31) with the initial condition h(0) = hg gives

Yt/ ln-1_ 1 h
o () (Lt 1
Apg K,"(1—n) n.oon nooG

where the symbol (...)|}: stands for (...)[ — (...)[s,, the coefficient ¢; is

Q) ()-

and o F} is the hypergeometric function. The parameter X is then computed as

h() 1/n I 1+1/n
A= | — — ) 34
(Cl) (hO) (39

Equation (32) is a one-parameter model to be used for estimating the value of ¢; upon
comparison with the experimental height of the current over time, A(t). A similar, more
complex expression (not shown) was computed for A considering a fracture with vertically

varying aperture; such an expression was used for determining A in the experiments with

r # 0.

B. Coupled drainage of a Herschel-Bulkley fluid in a constant aperture

fracture

The formulation outlined in §II A for a power-law fluid was extended to a HB fluid in

a constant aperture fracture (r = 0). The HB model for a shear-thinning/thickening fluid

14



with yield strength 7, is

ou|" N oul™\ ou S
Tye = | Mo |5 Tp |7~ = Tyz =2 Tp,
y 0 ay p 83/ 8y y p (35)
ou
a_y =0, Ty <Tp

With the same approach and assumptions adopted above for an OdW fluid in the case of
a widening fracture, the following current profile evolution equation is obtained for an HB

fluid:

oH 0
T " ax |H %)

on
0X

hod (10
0X 0X

1+1/n
-1 / m n OH|™! n
n+1|ox

1 +1/n n 1 OH
MNH - Z )" 1 — ————— 1 =0 ith |— 36
( 1) { X(H—Zl)} [+n+1X(H—Zl)] - vith 5% > 80

where the velocity scale is

e n Apg 1/n @ 1+1/n h1+1/n (37>
(2n+1) \ o 2L 0

the time scale is again t* = hy/u*, and the coefficient

27, L
K= ——— 38
vbo ho ( )

is a non-dimensional number representing the ratio between yield strength and gravity re-
lated stress, or the ratio between the Bingham and Ramberg numbers. The boundary and

initial conditions are again represented by eq. (21). The coefficients A and X" are

b 24+1/n I 1+1/n h 1/n
A=(-2 = =) (39)
b() h() S

yvo1lh
Kp S

where the term ky is

27, L
= —— 41
e by ho ( )

and has the same meaning of x in eq. (38) but with b, in place of by.
Note that A defined here for an HB fluid and r = 0 is a simplification of that defined in

eq. (18) for a power-law fluid, while X" is the ratio between a vertical hydraulic gradient and
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kp. As such, for kK, — 0 we obtain A’ — oo and the differential problem reduces to the one
developed for a OdW fluid.

In eq. (36), the drainage at the bottom is non-zero if N'(H — Z;) > 1. The presence
of yield strength in the fluid produces four possible scenarios, (i) horizontal fracture flow
with edge and substrate drainage; (ii) horizontal fracture flow with edge drainage and zero
substrate drainage; (iii) no horizontal fracture flow with substrate drainage and zero edge

drainage; and (iv) no horizontal flow and zero edge and substrate drainage.

1. Drainage at the substrate only for a HB fluid: the flow during calibration

For estimating the two parameters A and A, we proceeded as for an OdW fluid, consid-
ering the configuration with drainage only at the substrate according to the schematic in
figure 2. While for an OdW fluid it is possible to obtain analytically the evolution (32) of
h(z,t), for an HB fluid it is necessary to adopt a numerical procedure. In fact, the vertical

flow rate per unit length is equal to

. :bo @ 1+1/n n Apg 1/n h—h6 1/n
Y 2 2n 4+ 1\ po h

kh \ ' n kh
1— 1 42
X( h—%) ( +n+1h—hg> (42)
in the main, rectangular fracture and to

» @ 1+1/n n Apg 1/n h_6 1/n - Ii_bS 1+1/n - n @ (43)
©="1 3 2n+1 \ po s b n+1hy)’

in the bottom crack; in eqs. (42-43), hj, is the head at z = 0.

There is no analytical solution for A{ in the equation obtained by imposing the invariance
of ¢, between the main fracture and draining crack. Hence, we cannot express explicitly ¢,
in the mass conservation equation

dh
b + gy =0 44
odt+q ( )

written for the bottom crack. Therefore, the solution of the algebraic-differential problem
comprising eqs. (42-43) and (44), with the initial condition h(z,0) = hy, is numerical, and
can be developed in parametric form in Mathematica3!: a fitting procedure was adopted

between the experimental values h(t) and the model represented by the parametric solution,
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estimating s and b, and calculating A and ). For reference, the estimated values for b, and
s in the three experiments with HB fluids and drainage at the substrate (exp. 13-14-15
in Table I), are b, = 0.42,0.25,0.37mm and s = 7.9,7.8, 7.6 mm, respectively. These are
quite realistic values if compared to the geometry of the draining fracture adopted in the

experimental apparatus.

C. Numerical integration in space-time

The space-time integration of eq. (19) for Newtonian and power-law fluid, and of eq.
(36) for Herschel-Bulkley fluid, with both PDEs subject to eq. (21), is useful to understand
the limitations of the self-similar solutions. The integration has been performed with a
finite difference method, explicit and predictor-corrector, with some variables estimated in
a staggered grid. A test of convergence, performed by comparing the numerical results with
the self-similar solution obtained for n = 1, shows that a grid with 200 steps guarantees an
error less than 0.5%. The time step was selected in order to avoid instabilities, ranging from
107° to 1078, with smaller values necessary for more shear-thinning fluids and for larger
values of k in the HB case. Eq. (14) is solved numerically at each step, with the flow rate
() computed at the previous step.

Figure 5 shows the comparison between the self-similar solution for n = 1, coincident

l.15

with the earlier results of Yu et al."?, and the full numerical model at different times. The

agreement, between the curves is good, with negligible differences.

In order to characterize the behaviour of the solution, a series of numerical simulations
were carried out by changing the fluid rheology (Newtonian, OdW shear-thinning with
n = 0.8, HB with n = 0.8,1,x = 1), the exponent r modulating the aperture variation
(r = 0 for constant aperture and r = 1 for vertical V-shaped cross-section), and A = 0,1, 5.

Figure 6abc shows the volume left in the fracture and drained at the substrate and edge,
respectively, for Newtonian flow in a constant aperture fracture (r = 0), and in a widening
aperture (r = 1). For the three values A = 0,1, 5 investigated, the increase in permeability
along the vertical slows down drainage at early time, when compared to the constant aperture
case. At later times, the behaviour for A = 0 complies with the theoretical derivation in
§ IT A 2, with the constant aperture fracture emptying faster; for A > 0 the trend reverses at

late times, when the vertically V-shaped cell empties more rapidly, with an earlier reversal
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FIG. 5. Comparison between the current profiles computed via numerical integration (dashed red
curves) and the self-similar solution (orange bold curves) according to Yu et al.'®. Newtonian fluid

with A = 2.

the greater is \.

The drainage at the substrate (null for A = 0), on the contrary, increases, while the volume
laterally drained reduces. The volume drained at the substrate increases over timebecause
the height of the current in the fracture is on average higher, with a relatively high head

which boosts the drainage rate. This also applies to shear-thinning fluids (not shown).

Figure 6def compares the results for a Newtonian, a OdW shear-thinning with n =
0.8, and a HB fluid (n = 1,k = 1) in a constant aperture fracture (r = 0). Initially,
the fracture empties faster for the shear-thinning than for the Newtonian and HB fluids;
the trend is reversed at late times. This result, obtained in the initial phase of drainage
and for A\ = 0, is opposite to that theoretically predicted by the self-similar solution in
§ IT A 2, according to which Newtonian behaviour always implies the fastest drainage. The
discrepancy between numerical and theoretical results arises from the nature of the self-
similar solution, which is an intermediate asymptotics, valid when the initial conditions
have been forgotten, whereas the numerical model follows the evolution of the current from
the beginning, having continuous memory of the initial conditions. Furthermore, in the
numerical model the condition at the draining edge is the critical height and not the null

height assumed for the self-similar solution.

The fracture without substrate drainage (A = 0) has particularly long emptying times

for HB fluids. This follows from the fact that the volume drained at the substrate is greater
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for these fluids, while the volume drained at the edge smaller than for both shear-thinning
and Newtonian fluids. It should be noted that, in the initial phase of edge drainage, the
shear-thinning fluid has higher flow rates than the Newtonian and the HB, as a consequence
of the high shear-rates, corresponding to a lower apparent viscosity. In the later stages, the
reverse happens, and the volume drained at the edge is slightly higher for the Newtonian
fluid.

Results obtained for an HB fluid with n = 1 are similar to those obtained with n = 0.8
and the same x = 1 (not shown). In other possible combinations, for example, the HB fluid
has n < 1 and higher s values. In general, the lower the value of n and of k, the faster
the initial emptying of the fracture (not shown). This behaviour is replicated also for the
edge drained volumes shown in figure 6f, while it is reversed for the volume drained at the
substrate with the same A, shown in figure Ge.

In order to highlight the combined effects of rheology and fracture geometry on the current
behaviour, figure 7 shows a series of profiles calculated for various rheologies and fracture
shapes. Figure 7a refers to a Newtonian fluid in a (i) rectangular and (ii) V-shaped fracture,
without and with drainage at the substrate. The height of the current in the origin (the
draining edge) decreases more slowly for » = 1 than for r = 0, with greater evidence if the
substrate is impermeable (A = 0). Conversely, filtration at the bed favours, as expected,
a relatively rapid lowering of the profile. The difference between the absence/presence of
drainage at the bed is most evident at the terminal stages (7' = 0.01) of emptying, when
the V-shaped cross-section amplifies the level change with an equal volume change. In this
regard, we recall that the flow rate over a weir is oc h%? (see, e.g., White®?) and is more
sensitive to the height of the current than the flow rate drained at the bed, which is o< h.

Figure 7b compares profiles for a Newtonian and a shear-thinning fluid, in the presence
of drainage at the bed and with a V-shaped fracture. In the initial stages (7" < 0.01),
the shear-thinning fluid induces faster drainage than the Newtonian fluid, as a consequence
of the lower apparent viscosity when the shear rate is very high. The behaviour reverses,
however, for 7' > 0.01, i.e. when the shear-thinning fluid assumes a progressively increasing
apparent viscosity. Note that this result is partly influenced by the limitations of the OdW
rheological model, which predicts an indefinitely increasing apparent viscosity for shear
rates approaching zero. These results also apply to the case of a constant aperture fracture

(not shown). We expect these tendencies to be amplified if the fluid is characterized by a
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nian fluid in a uniform (r = 0) and a V-shaped fracture (r = 1) for increasing \; def) the effects

of fluid rheology in a constant aperture fracture (r = 0) for increasing \.

behaviour index smaller than 0.8.

Figure 7¢ highlights the differences induced by fluid rheology in a constant aperture
fracture: the HB and OdW fluids are respectively associated to the slowest and fastest
emptying of the fracture, with some important effects of the fluid behaviour index. Note
that the yield strength determines a kink in the profile, with a clear separation between
the region where the fluid flows and the region where the fluid simply drains from the bed.
In the experiments, this behaviour is considerably mitigated: the vertical low of the HB

fluid amplifies the shear rate compared to the theory, so the portion of the domain that
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flows since the yield strength is exceeded is larger than its theoretical counterpart. It should
be noted that a HB fluid in a fracture without substrate drainage has exceptionally long
drainage times, due to the fact that the shear rate is sufficiently high only near the vertical
draining end, therefore theoretically most of the domain is a plug, and sooner or later the
flux in the whole domain stops. From an experimental point of view, tests performed with
an HB fluid without substrate drainage (not shown) indicate that the flow never stops, but
emptying times of the fracture are orders of magnitude larger than in the case of substrate
drainage.

Finally, it is seen that in the early stages of the evolution of an HB current, a lower n
value corresponds to faster drainage; the opposite is true in the later stages. The comparison
for different values of k and n does not qualitatively differ from what has been presented so
far, although the regime inversion may occur at different times than those identified in the

previous analyses.

IIT. EXPERIMENTAL VERIFICATION

The validation of the theoretical model is conducted through the realization of a HS cell
to simulate a natural rock fracture. The aperture is uniform along the longitudinal direction,
uniform or V-shaped along the vertical, reproducing a porous medium with homogeneous
or increasing permeability along the vertical, respectively.

Figure 8 shows the HS cell used during the experiments, 75 cm long and 17 c¢m high.
Boundary conditions allow substrate drainage, which can be started or stopped with a
bottom lock-gate; drainage takes place at the bottom through a slot of adjustable width by.
One end of the HS cell is closed, the other is initially closed with a rubber lock, to be opened
during the test to allow lateral (edge) drainage; the drained fluid falls in a container on a
scale.

All the experiments are in lock-release configuration, with a constant initial volume.
Before each test, the HS cell is filled with fluid through a tube fed by a pump that plugs in
the middle of the HS cell, avoiding air bubbles inclusion.

In order to detect the profiles of the current at different times, we used a high-resolution
front video camera (Canon Legria HF20 1920 x 1080 pixels) operating at 25 fps. This video

camera was referenced through a grid to a lab coordinate system before the beginning of
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FIG. 7. Profiles of the current at different times. a) Newtonian fluid in a uniform (r = 0) and
V-shaped fracture (r = 1) for A = 0, 1; b) Newtonian and shear-thinning OdW fluid in a V-shaped
fracture (r = 1) for A = 1; ¢) Newtonian, shear-thinning OdW and HB fluids in a constant aperture

fracture and A = 1. The profiles refer to 7" = 0.01,0.1, 1.

every test. Then, the fluid leaking from the free edge of the HS cell was piped into a container
placed on a scale, with the display recorded by a side camera (iPhone 11 by Apple Inc.)

operating at 30 fps, in order to measure the weight of fluid in time.

Each test consisted of two phases. First, calibration allowed the estimation of A (and N’
for HB fluids in the presence of bottom drainage) value: with the bottom and side gates

closed, we filled the HS cell and then, at the start of the calibration phase, quickly opened
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FIG. 8. Schematic of the experimental apparatus used for the experiments.

only the bottom gate to allow the fluid to exit the HS cell by filtering at the bottom. The
time variation of the level of the fluid in the HS cell was detected using the front video
camera and the A value was computed by interpolating the theoretical emptying function
determined on the basis of mass balance and substrate drainage only, see § IIA3. The
second step involved the filtration process from both the side and bottom gates and, for

some tests, only from the side one. With both gates closed, we filled the HS cell with fluid
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before the start of the experiment and then quickly opened both gates simultaneously. A
first set of experiments was conducted using Newtonian fluids, a second one with OdW
shear-thinning non-Newtonian fluids and a third one with HB fluids. Newtonian fluids were
obtained by mixing glycerol with water, in order to obtain viscosity values that allowed a
better observation of the evolution during time of the fluid profiles inside the HS cell. OdW
shear-thinning fluids were obtained mixing water, glycerol, and Xanthan Gum (E415) with
different concentrations, while HB were obtained mixing water with Carbopol 980 and the

correct amount of NaOH to neutralize the solution.

The mass density of the fluids was measured with a Anton Paar DMA 5000 density meter
and with a picnometer. The rheologic behaviour of the fluids was analyzed with a Ubbelohde
viscometer for Newtonian ones, while for non-Newtonian fluids we used a parallel plate
rheometer (Anton Paar Physica MCR 101) conducting rotational tests in order to estimate
the consistency index, the fluid behaviour index and, for HB fluids, the yield strength. The
shear rate of the rotational tests covered the expected range of the shear rate at the various

stages of current evolution in the HS cell during the experiments.

The density of the fluids was measured with an accuracy of 1kg m™2, resulting in Ap/p <

0.1%.

The rheological parameters were estimated with a relative uncertainty equal to An/n <
4% for the fluid behaviour index, to Ao/ < 6% for the consistency index, to A7, /7, < 8%
for the yield strength. The aperture was known with a relative uncertainty Abg/by < 5%.

The accuracy in measuring the profile of the current is limited by refraction and parallax
error, and by tension surface effects, and can be assumed to be ~ 1 mm, while the time
error is half the time interval between two frames, ~ 1/50 —1/60s for the two cameras. The
overall uncertainty in the residual volume is < 7% and the uncertainty in laterally drained
volume is associated with the flight time of the fluid from the draining edge to the container
on the scale, to the uncertainty in density and mass (weight) measurements, resulting < 2%.
The uncertainty in the volume filtered at the bottom is < 7.5%. The overall uncertainty
in the parameter x is Ax/k < 9% and the estimated uncertainty of the bed permeability
coefficient is AA/A < 4%. For the HB fluids, the second bed permeability coefficient has an
uncertainty AN /N < 5.5%.
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1=3,20,90s

FIG. 9. Snapshots of front video camera acquisitions at ¢t = 3 — 20 — 90s for exp. 9, with both
bottom-lock and side-lock gates opened, with a V-shaped geometry of the HS cell and a non-

Newtonian OdW shear-thinning fluid. Images are not corrected for distortion.

A. The experiments and their interpretation

Table I lists the experiments and the related parameters. For Newtonian and OdW fluids,
the series includes four constant aperture tests, one of which has no filtration at the bed,
and two tests with a V-shaped fracture in the vertical direction. For the HB fluid, the tests
are only with constant aperture, two of them without filtration at the bed. The absence
of tests for HB flow in V-shaped cells was suggested by the tendency of flow blockage in
the lower permeability portion of the HS cell, near the permeable bed, which limited the

repeatability of the experiments.

Figure 9 shows three snapshots of exp. 9 (numbering refers to table I), and figure 10
shows two examples of rheometric measurements for OdW shear-thinning and HB fluid,

respectively.

Figure 11ab shows the time variation of the volume of fluid drained at the bed, at the
edge, and remaining in the HS cell for exp. 1. Observing figure 11a, discrepancies between
model and experiment are observed mostly in the initial phase, with less fluid exiting the
free edge and a slower emptying of the HS cell in the test compared to the theoretical
model. Subsequently, the overlap between theory and experiment improves. In general,

the discrepancies can be attributed to two phenomena neglected in the theoretical model
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TABLE I. Parameters for the experiments in the HS cell. p is the density of the fluid, n is the

fluid behaviour index, pg is the consistency index, 7, is the yield strength, © is the temperature

of the fluid during the experiments, by and by, are the aperture at z = 0 and at z = 170mm, hg

is the initial level of the fluid in the cell, A is the dimensionless coefficient for the drainage at the

bottom, X is the second coefficient for the drainage at the bottom for HB fluids. Letters “u” and

“V” stand for “uniform” and “V-shaped”, respectively, and E415 is the E-number for Xanthan

Gum. The asterisk indicates that the detailed profiles of the currents are shown in the following

figures and in the Appendix B.

Exp.

1*

5*

9*
10*
11
12

13*
14
15
16
17

p

(kg m™?)

1241
1241
1246
1245
1249
1255

1075
1185
1216
1218
1215
1066

1000
1000
1000
1000
1000

n

1.00
1.00
1.00
1.00
1.00
1.00

0.35
0.43
0.56
0.56
0.56
0.39

0.52
0.70
0.80
0.60
0.72

Ho

0.27
0.40
0.44
0.45
0.59
0.29

1.31
1.18
0.99
1.07
0.97
1.15

2.20
0.55
0.85
0.40
0.70

70

0.24
0.60
0.30
0.35
0.30

)

28.1
28.5
25.0
27.5
25.3
23.5

29.0
25.8
25.3
23.8
24.3
23.3

21.8
204
20.7
19.8
224

bo

2.0
2.0
3.0
0.5
1.0
2.5

2.0
2.0
3.0
0.5
1.0
2.0

3.0
2.0
2.0
2.0
2.0

btop

2.0
2.0
3.0
2.8
3.5
2.5

2.0
2.0
3.0
2.9
3.5
2.0

3.0
2.0
2.0
2.0
2.0

ho

(Pas™) (Pa) (°C) (mm) (mm) (mm)

151.5
157.7
156.0
164.7
160.0
160.6

139.1
137.0
154.6
156.0
154.6
150.2

150.5
153.3
153.0
144.4
146.2

A

1.9
6.4
22.5
5.0
9.0
0.0

241.0
25.0
4.0
22.5
35.0
0.0

14.1
2.7
6.5
0.0
0.0

N gap

32.5
7.8
23.9

< <

u

< <

u

fluid

glyc + HoO

glyc +H,0 + E415

H>O + Carbopol

26



lol_llll T T IIIIIII T T T TTTTT T T _101
L 4 shear stress ]
I e apparent viscosity B
=
wna
0 S
210"~
1 =
10-1 IIII| 1 1 IIIIIII 1 1 IIIIII| 1 11 10'1
b 10" 10° 10'
) 7 (1/s)
IIII| T IIIIIII| T IIIIIII| T IIIIIII| T IIIIIII| T I'E 103
101 |__ a shear stress ]
[ e apparent viscosity 4
r 2
- 310
L Ce J
L] -
L . i
y 1 =
—_ o 7]
[+
1 S
& =10 &
100 3 -
10 ] 3
"t,' B — b
0."" N
e,
e, 310"
g
IIII| 1 IIIIIII| 1 IIIIIII| 1 IIIIIII| 1 IIIIIII| 111 10’1

10° 10?100 10° 10
7 (1/s)
FIG. 10. Rheometry of the fluids. a) OdW shear-thinning fluid, and ) HB fluid. Triangles are
the measured shear-stress vs shear-rate, circles are the computed apparent viscosity vs shear-rate,

with symbols decimated for better visualization. Bold lines are the interpolating curves.

adopted: 1) the effects of surface tension and ii) the strong curvature of trajectories of
fluid particles. The surface tension between the walls of the HS cell and the fluid produces
additional resistance, while that between fluid and air at the draining edge favours a localized
flow increase (a similar effect occurs in thin-walled Bazin-type weirs. Moreover, in the
initial stages of the phenomenon (for example at 10-20 s), there is a strong curvature of the
trajectories of fluid particles; this increases the head gradient and thus favours outflow. As
to the configuration of exp. 1, it is evident that the tension surface at the air-wall-liquid

interface dominates the process. This aspect is even more evident in figure 11a, where the
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FIG. 11. Newtonian fluid with coupled drainage in a constant aperture fracture. a) Time variation
of the volume remaining in the fracture and drained from the edge and at the bed; b) current
profiles at different times. Symbols are the experiments, curves are the numerical results. Exp. 1

in table I, A = 1.9.

theoretical profiles at initial times largely underestimate the experimental values near the
free draining edge, but then fit the experiments quite well at later stages, when the strong

curvature of the free surface and trajectories disappears.
Similar results are shown, for different fluids and geometry of the HS cell, in Appendix B.

The experimental and theoretical residual volumes in the HS cell as a function of time are
shown in figure 12 for all tests. Several parameters are involved in determining the volume

evolution in the HS cell, and the interplay between them makes it difficult to identify a
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clear trend. Some tests (expts. 6-12-16-17) were performed without filtration at the bottom
(A = 0) and show a slower reduction in residual volume than the other tests in which
drainage was also at the bottom. We can observe how the theoretical variation in residual
volume predicted by the self-similar solution, applicable in exp. 6 and exp. 12, is adequately
reproduced for very long times. The repeatability of the two tests performed with HB fluid,
exp. 16 and 17, is clearly seen from figure 12c. The effect of very intense drainage at the
bottom, as is the case for exp. 7 in figure 12b, is also evident. In the tests with a V-shaped
HS cell (exp. 4 and 5 in figure 12a and exp. 10 and 11 in figure 12b), the sensitivity to the
value of the parameter \ is lower.

The volume of drained fluid, from the edge and at the substrate, is shown in figure 13. It is
seen that theoretical predictions of drained volumes are a good match of experimental results,
except at very early times, when the self-similar solution is not yet applicable. Results for
all fluids and both drained volumes, edge and substrate, show a clear dependency on fluid
parameters, the A parameter, and the fracture shape (uniform or V-shaped). As expected,
larger values of A (see exp. 7 and exp. 13) imply a higher substrate drained volume, while
a uniform aperture entails a larger volume drained at the substrate with respect to the
V-shaped fracture, see the comparison between exp. 8 and exp. 10 with similar values of
A. At large times, the sum of (dimensionless) drained volumes tends to one as the fracture
empties.

Figure 14 shows the temporal evolution of the theoretical critical height at the drainage
edge. There is an initial phase with a height decay according to a power function, followed
by a phase of more rapid reduction. The initial slope of the curves is a function of the
rheological characteristics of the fluid, but also of the value of A. Indeed, in experiments
performed with A = 0, the decay is noticeably slower, while very high values of A induce
a fast decay. The effect of A on the height decay at the edge is particularly high for OdW
shear-thinning fluids; for these the modulation of the apparent viscosity, which increases as
the profile curvature decreases, also plays a role. For HB fluids, which share a shear-thinning
behaviour when flowing, this effect is masked by yield strength, which prevents too rapid a
reduction. For HB fluids, the tests indicate that even after a long time the critical height
is not negligible, though small. For experiments with comparable values of A, in the early
stage H. oc T7%* for Newtonian fluids (exp. 3), H. oc T7%% for shear-thinning fluids (exp.
10), and H,. oc T7%° for HB fluids (exp. 13).
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the residual volume theoretically decays as T~! for Newtonian (exp. 6), and as T~ for power-law

fluid (exp. 12).
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IV. CONCLUSION

In this paper, we have theoretically analyzed, and experimentally verified, the evolution of
a viscous current rheologically described by the Newtonian, Ostwald-deWaele, and Herschel-
Bulkley models and subject to coupled drainage from a lateral edge and the substrate in
a fracture schematized by a Hele-Shaw cell. The cell takes both a constant and linearly
variable, V- shaped aperture, also representing the case of a porous medium with increasing
permeability and porosity. The initial condition is of completely filled cell, constant volume
and no inflow rate later on. The problem, for the case of lateral drainage only and a
Ostwald-deWaele fluid, admits a self-similar solution, derived here as an extension of the
Newtonian fluid solution in'4. It also admits a self-similar solution for a Newtonian fluid in a
constant aperture fracture with coupled drainage!®. In all other configurations, the solution
is obtained numerically.

In the numerical solution, the depth at the vertical draining edge is taken to be the
critical height, which corresponds to the minimum specific energy for an assigned discharge.
In the self-similar solution, the depth is taken to be zero as the solution is an intermediate

asymptotic, valid at late time.

Comparison with experimental results, both for integral variables such as the residual
volume in the cell and the volume drained at the edge and at the bed, and for current
profiles as a function of time, confirms the validity of the model and the reliability of the
numerical computations. Discrepancies between experiments and theory are mainly found
for the initial phases of the fracture emptying, when the strong spatial gradients of the
height of the current invalidate the assumption of zero vertical velocity, while the surface

tension contributes to deviations from the dynamics embedded in the model.

The emptying time of the fracture is dependent on the rheology, as well as the vertical
variability of the aperture, and is generally lower for Newtonian than for the other fluids
investigated. However, if one changes the boundary condition at the edge, imposing the
critical height instead of a null height, the initial stages may result in the shear-thinning
fluid draining faster than the Newtonian. In the case of no drainage at the substrate and for
a constant aperture fracture, the residual volume decays according to ~ T~! for Newtonian
(exp. 6), and according to ~ T~ for power-law fluid (exp. 12), as predicted by the

n/[r(n+1

theoretical dependence ~ T~ )+ for a power-law fluid in a V-shaped fracture.
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Of particular interest is the extension to HB fluids, with an emptying dynamics which
is controlled by clogging when the maximum tangential stresses do not exceed the yield
strength. Four scenarios arise, depending whether lateral and bottom drainage are both
present, or one of them is null due to clogging, or both are null, again due to clogging.
The experiments conducted for HB fluids refer only to a fracture of constant width and
with filtration at the bottom generated by a crack. It will be important to extend the
analysis to the case where drainage to the bottom is due to a porous medium, for which
the transition between flow and no-flow situations is not as sharp as it is for a fracture, but

grows progressively as documented in the experiments of Chevalier et al.33.

The analysis conducted here is of interest in the study of CO4 sequestration, as some COs-
rich solutions used for carbon dioxide capture display non-Newtonian rheology?®, and the
substrate leakage term and the fracture emptying times are heavily affected by the value of
the rheological index. Applications are not limited to CO, sequestration, but involve process
fluids adopted in aquifer remediation and oil recovery, which frequently have markedly non-

Newtonian behaviour?®34,
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Appendix A: The calibration of the A value for OdW fluids

The calibration of the \ value was performed considering flow in the absence of edge
drainage, with a constant aperture fracture (r = 0) initially full and gradually emptying

with a discharge that can be calculated on the basis of the geometry and the rheological
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FIG. A.1. Calibration of the A parameter. a) Schematic of the flow geometry during calibration;
b) Curve-fitting of the experimental data with eq. (32); configuration of exp. 2, Newtonian fluid

in a constant aperture fracture, case with substrate drainage only. The calibrated value is A = 6.4.

characteristics of the fluid. Based on the schematic in figure A.la representing the cross-

section of the experimental apparatus, the flow rate per unit width in the cell is equal to

! 2 2n+1 \' o h ’

where h{ is the head at z = 0. The same flow rate per unit width applies to the smaller

meander, for which we can write

bb (n+1)/n n Apg 1/n h/E) 1/n
qv = bb Sy - ; (A2>
2 2n+1 \' wo S

having neglected the concentrated head losses at the contraction at z = 0. Deriving h{, from

eq. (A2) and substituting in eq. (A1) results in

) <b0>(n+1)/n n (Apg)l/n
0\ 2 on+1\ o (A3)

bo g v 7
1+ () =
by h

representing the drainage rate during the emptying process. Having defined V' = byh as

qa =

the fracture volume per unit longitudinal fracture length, mass conservation in the HS cell

@ (n+1)/n n Apg 1/n

v - dt b\ 20t 1/n ’
1+ (— >
(bb) h

requires that

(A4)
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FIG. B.2. Newtonian fluid with coupled drainage in a V-shaped fracture, exp. 5 in table I, A = 9.0.

For caption, see figure 11.

resulting in eq. (31). Figure A.1b shows the interpolation of experimental values for exp. 2.

Appendix B: The details of some experiments

Figure B.2ab shows the results of the comparison between theory and experiments for
exp. 5, with a Newtonian fluid in a vertically V-shaped HS cell. Again, the comparison is
fairly good. Note the effect of the V-shaped fracture on the current profile: near the draining
edge the curvature of the free surface is greater than for a constant aperture fracture, as a
result of the higher permeability at a higher elevation from the bottom.

Figure B.3ab refers to a OdW shear-thinning fluid in a constant aperture fracture. It is
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evident that the lower apparent viscosity in the initial phase, when the shear-rate is particu-
larly high, facilitates drainage from the draining edge, with the HS cell emptying faster than
for a Newtonian fluid. As in the other experiments, the theoretical profile at early times
underestimates the height of the current near the origin, although the difference quickly dis-
appears as time increases, with a good overlap between theory and experiments. A similar
behaviour is observed if the HS cell is V-shaped, see figure B.4, in which, as was already
the case for the Newtonian fluid, the curvature of the profile near the origin is enhanced
by the permeability decreasing towards the bottom. The theoretical profile systematically

underestimates the experimental data near the closed end and, as always, near the origin at

37



early time.

The profiles and volumes for an HB fluid are shown in figure B.5. The profiles are charac-
terized by a kink separating the region of the domain where the shear-stress is sufficient to
overcome the yield strength, from the region where, if no drainage were present at the bot-
tom, the fluid would remain at rest. It should be noted that the experiments do not exhibit
such a kink, as: i) the resolution of the experimental data is not high enough to capture
the localized variation in slope, and ii) the actual flow field, especially in the presence of
substrate flow, is more complex than that schematized by the model. In practice, if instead
of the shallow water scheme, which neglects the curvature of the trajectories and, therefore,
the vertical velocity, we were to use a scheme capable of considering this curvature, we would

estimate a higher mobility of the fluid, closer to that experimentally inferred.
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